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XXXVI. A Comparison of the Standard Resistance-coils of the 
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M. J. R. Benoit of Paris and Herr Strecker of Wirzburg. 
By R.T. Guazesroon, MA., LL.S., Fellow and Assistant 
Tutor of Trinity College, Cambiidge*. 


In accordance with the resolution of the Hlectrical Congress 
held in Paris in 1884, the Hlectrical-Standards Committee 
of the British Association decided to have made a series of 
resistance-coils in terms of the Legal Ohm; and the work of 
testing and comparing these coils was entrusted to me, In 
Paris, at the request of the Minister for the Post Office and 
Telegraphs, M. J. R. Benoit undertook the same task. An 
account of his experiments is published in the Journal de 
Physique for January 1885. 

M. Benoit started ab initio, and constructed a series of 
glass tubes, the electrical resistance of which, when filled with 
mercury, can be calculated from their dimensions. Four of 
these were made, each having « resistance of about 1 ohm. 
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The plan adopted by the Committee was different. The 
specific resistance of mercury in terms of the British-Associa- 
tion unit has been carefully determined by Lord Rayleigh 
and others. 

For the purpose of constructing Legal Ohms, it was decided 
to adopt a number for this quantity founded on their experi- 
ments, and then work from the British-Association standards, 
To adopt the other course would only have been to repeat at 
some trouble the experiments of Lord Rayleigh, M. Mascart, 
Herr Strecker, and others. 

M. Benoit made a number of copies of his mercury-standards, 
and after reading his paper, I wrote and asked him to send 
me one or more of these, that I might compare them directly 
with the coils which had by that time been constructed for 
me by Messrs. Elliott Bros. M. Benoit replied most cour- 
teously, and sent me, about Haster, three of his copies. The 
object of the present paper is to give an account of the com- 
parison of these with the standards belonging to the British 
Association. 

M. Benoit’s copies were mercury-standards. Each con- 
sisted of a glass tube bent several times, A A, fig. 1. The 
ends of this tube are ground flat and pass into two glass cups, 
B, B, which for most of their length are considerably wider 
than the tube, but taper down at their lower ends. The tubes 
are connected to the cups by short bits of india-rubber tubing, 
C, C, which fit tightly over the narrow ends of the cups, and 
are secured by wrapping string firmly over the india-rubber. 
To make the joint tight the india-rabber and glass were var- 
nished over with shellac varnish. The cups open at the top, 
and can be closed by glass stoppers. 

The standards were accompanied by full directions for use. 
I give a free translation of the greater part of the instructions. 

1. On each of the cups are engraved two marks aa, bb, 
The lower mark «a indicates the position which the extremity 
of the tube introduced into the cup ought to occupy. The 
upper mark 6 0 indicates the top of the mercury in the tube 
when filled. These two conditions must be fulfilled approxi- 
mately ; an error of ‘5 centim. in their sum changes the 
resistance either way by about 00018 ohm. 

2. Method of Filling. —The tube may be filled in air in the 
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following manner:—Place it nearly horizontally and pour 
some mercury into one of the cups; then incline it gradually, 
shaking it a little, until the mercury enters the tube. The 
mercury should fill the tube slowly, without leaving a trace of 
air. Add mercury always by the same cup until it reaches 
the upper mark $4 in both cups. The method is not always 
successful; it is better to work in a vacuum. 


Fig. 1. 
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[Various methods for doing this are possible ; it is perhaps 
hardly necessary to give the details of the one employed by 
M. Benoit. | 

3. Method of Using the Standard.—The standard is intro- 
duced into the circuit by means of contact-pieces dipping into 
the mercury in the cups. These pieces should not reach more 
than a few millimetres below the surface. Contact-pieces of 
amalgamated copper cannot be used, because they render the 
mercury impure and alter its resistance rapidly, diminishin g 
it appreciably in a few hours. Platinum, again, does not 
muke a constant contact with the mercury; and the uncer- 
tainty produced by its variability is fatal to its use. To avoid 
this double difficulty, M. Benoit employed contact-pieces of a 
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special form (fig. 2). A glass tube A is 
drawn out to a point at its lower end; 
through this point a platinum wire B 
passes. The wire is held in position by 
shellac C; and a small cup D of thin 
glass is attached to its lower end also by 
shellac. Thus the two separate glass 
portions A and D are in electrical com- 
munication by means of the platinum 
wire B. The two portions A and D 
are filled with mercury in a vacuum, 
The mercury is thus brought into good 
contact with the platinum, and the 
mercury-platinum contact remains un- 
changed during the observations. Into 
the upper division A one end of a stout 
copper rod E is plunged; the other end 
of this rod forms the connection with 
the rest of the circuit. The cup D dips 
a few millimetres below the mercury in 
the standard. The mereury which fills it remains constantly 
in contact with the platinum wire, and may be kept without 
change almost indefinitely. These contact-pieces introduce 
an appreciable resistance of 2 to 8 thousandths of an ohm into 
the circuit ; but this resistance remains constant, and can be 
eliminated by a method of substitution. 

The standard is supported in a glass vessel, and can be 
reduced in temperature to zero by filling the vessel with finely- 
broken ice. The values of the standards are given at zero. 
The value at any other temperature is given by the formula 


R,= R,(1 + -0008649¢ + 0000011 2¢*), 


t being the temperature in degrees Centigrade. 

4. Preparation of the Mercury.—The mercury may he 
purified by the action of nitric acid, and dried by means of 
sulphuric acid and caustic potash. 

Experiment showed that mercury from different sources, 
even when it had been rendered impure by the admixture of 
copper, lead, or zine, after being treated by this process, gave 


RESISTANCE-COILS WITH MERCURY STANDARDS, 205 


the same results. The process, however, does not free the 
mercury from silver or from the less oxidizable metals. 

[In my experiments described below the mercury was 
freshly distilled by the aid of the admirable piece of apparatus 
designed by Weinhold, and introduced into England by Mr. 
W.N. Shaw.] 

5. Method of Cleaning the Tubes.—The tubes should be 
cleaned by passing through them in succession: — 

1. Distilled water. 

2. Strong nitric acid. 

3. Distilled water. 

4. Ammonia. 

5. Distilled water. 

They must then be dried by a current of dry air. 

To clean the tubes it is best to separate them from the eups. 
To effect this, the pieces of india-rubber tubing which connect 
them should be cut. To make the glass slip into the india- 
rubber tubing, it should be moistened with a drop of benzine. 


In preparing the tubes for my measurements, I endeavoured 
to carry out the above instructions as carefully as possible. 
The resistance comparisons were made by Carey Foster’s 
method, using the wire bridge of the British Association as 
designed by Dr. Fleming. 

In order to compare the resistance of one of the tubes with 
a standard coil, it was necessary either to know accurately or 
to eliminate the resistance of the contact-pieces. It was also 
important to determine within what limits the resistance of 
the contact-pieces remained constant, and whether they could 
be repeatedly filled with mercury in such a way as to retain 
the same resistance. 

For this purpose they were compared with a short piece 
of copper rod. The cnps D (fig. 2), one belonging to each 
contact-piece, were immersed in the same beaker of mercury, 
being placed close together and covered to the same depth 
as when actually in use; the other ends of the copper rods 
EB connected.in the usual way to the bridge. The contact-. 
tubes had been filled by being placed in a large test-tube 
which was exhausted, and into which mercury wae then 
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admitted by means of a tap attached to the test-tube. The 
resistance of the contact-pieces was thus found in terms of 
the divisions of the bridge-wire before and after a set of 
comparisons of the mercury-tubes and standard coils. 

It was found that the resistance of the contact pieces re- 
mained very nearly constant during the time occupied in 
making a series of comparisons. The variations in the values 
found before and after rarely amounted to more than 1 bridge- 
wire division, or about °00005 ohm; and the mean of the 
two values obtained is pretty certainly correct to less than 
this. 

At the same time different fillings of the same contact-tubes 
led to very different values for their resistances. This was 
no doubt due to small irregularities in the contact between 
the platinum and the mereury. Thus I found the following 
values in terms of a bridge-wire division :— 


Data &e. Resistance of contacts. | 
Marah 25 2255 c: fey en eae oes Onn eee ee 93°4 b.w.d. 
_ Contacte refilled 22. mscee eats eee ae | 69-4, 
Copper rods being left in the 
% PI ng e oO 
Le a mercury overnight............... } oe 
- », Contacts refilled, one renewed ......... T1450 
» 28 Copper rods being left in since 26th... 100-4... 


The differences between the 69:4 and the 68:2, and, again, 
between the 114°5 and 109-4, are due, I believe, to the copper 
of the contact-rods being dissolved by the mercury in the tubes. 

On March 28th, the contact-tubes were cleaned and refilled, 
and the resistance was found to be 57:2 b.w.d. Throughout 
the experiments until April 9, when one of them was broken, 
their values did not differ greatly from the above. 

On April 11th, new contact-tubes were prepared and used 
throughout the rest of the experiments; their value remained 
fairly constant at about 58 b.w.d, 

Thus the quantity actually determined by the observations 
was the difference between the resistance of the mercury tube 
+ the contact-pieces and the standard coil. In order to get 
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the resistance of the mercury tube in terms of the standard 
coil, the resistance contact-pieces found as above described 
had to be subtracted. 

Another way of eliminating the resistance of the contacts 
from the result is to compare first the mercury tube and then 
the standard with some other coil, using the same contact- 
pieces to connect the mercury tube and the standard to the 
bridge. This can be done by removing the contact-tubes 
from the mercury tube, and dipping them into two mercury 
cups, into which the electrodes of the standard also dip. Since, 
however, my apparatus allowed me to measure the resistance 
of the contact-tubes with all the accuracy I desired, the first 
method was the more convenient, as it necessitated fewer obser- 
vations. 

The comparisons were made both with the original standards 
of the British Association—B.A. Units—and also with the 
Legal-Ohm Standards of the same, recently constructed for 
me by Messrs. Elliott Bros., taking as a basis the value 
for the resistance of mercury in terms of the B.A. unit 
adopted by the British-Association Committee. According 
to this, 


1 Legal Ohm=1-0112 B.A.U. 


The three mercury tubes Nos. 37, 38, 39, sent by M. Benoit, 
were compared. Between two observations of resistance the 
mercury was occasionally drawn through the tubes by con- 
necting the cups alternately to the air-pump. I hoped in this 
manner to displace any very small air-bubble or particle of dust 
which might have got lodged in the tube. In the final set of 
observations recorded below, it will be seen that no appreciable 
change in the resistance was detected by this precaution. I 
therefore suppose the tubes to have been properly filled. 

In some earlier observations, which will be referred to again 
shortly, variations of considerable amount were produced by 
passing the mercury through. In the tables below the values 
of the resistances which were found by comparison with the 
B.A.U., and reduced to Legal Ohms by means of the known 
relation between the two, are denoted by an asterisk. 
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TasLeE I. 


Tube No. 37. Valne given by Benoit, 1-C0045. 


Date aud Method of Treatment. Value in L. Ohms. 

| AoniAa 10 ate) use eee ees -99991% 
a“ LOE ge a tee eer eee ‘99987 
een LLG DY ean cece ce weeeeen tees “99998 
After passing 7a -00007 
ee! i 2M Pee through. 99997 

[OA pri 9" ecg See roosts eee <2] 99998 

) ; After passing the : 

PApakid eh: ) next foods ough } 99996 
April 1Od | Girsnseepes secs dnseuncateeesneceaea ‘99979 
{Apel JB Wee Res aoc och Rene ate ae ‘D097 6 

Most ‘Vailtte ccs oepataitesosvesbae “‘Y9990 


‘Dapper all: 


Tube No. 38. Value given by Benoit, 1-00066. 


Date and Method of Treatment. | Value in Legal Ohms. 
PAPEL Sy LAO cA say eee sen aiesee eee teae ate 1-00006 
ADVIL S59 dO Acie ook Siete eee ee 100018 

[April 9 ye GG ck ee ee de 1:00023% 
ADEM: O OWT aecstiaaencesaseceeeeee acer rome 100019 
: Tube taken to pieces, re- 
April 11 { cleaned and refilled. | 
ADT ALS we ee cbtehncermact en Stee ctede-e ea 10001 1% 
APMUIS" S Rh cetieite ee  ee | 100010 
Veto ial Ci epee eA cea a da eis ope | 100015 
STULL 2 ak UM con een etereeat hinccsunbesnecsesnees | 100002 
POUL LB Aes, cere ree reece eee | 1-00003* 
Monn values cacssnsdsvvancvanaarer tt 100012 


Tie Ill. 


Tube No. 39. Value given by Benoit, -99954. 
Date and Method of Treatment. | Value in Legal Ohms. 

April 14 ibs Ree 99905 
ADIEU LD RLO BO A Museat cee tomer meets ‘99917 

fs After passing the } | F 
April 15, 11 A.M, { mercury theeeh 99921 
April TRAVLOG: A Mascaniicotg usecase 29921 

‘s , After passing the ) | ter 
April 15, 12.15 { mefeury through. } | 99021 | 
April 15 emanate demas ay Coaneonenecdeh ‘909917 

Mean valuesessscsssessssseesen , 99917 


RESISTANCE-COILS WITH MERCURY STANDARDS. 209 


Thus we may collect the results as below. 


TABLE IV. 
Value found b Value found b ; 

No. of Tube. Benatt, y R.T. G. y Difference, 
i de eaeeee 1:00045 99990 00055 
Boivacenatics 1:00066 1:00011 “00055 
SU eaarodase "99954 ‘99917 00037 

Mean...... 1:00022 ‘99972 “00050 


Thus there is a difference of ‘0005 legal ohm between the 
two. My results are based upon the value of the resistance 
of mercury in terms of the B.A. unit adopted by the British- 
Association Committee. If we denote by-M the resistance at 
0° C. of a column of mercury 1 metre long, 1 square millim. in 
section, then, according to the number adopted by the Com- 
mittee, LG are) WH ek 

B.A.U.=1:04820 M. 

The most recent values actually found for these relations 

are given below:— 


TABLE V. 
M in B.A.U.| 3B.A.U. in M. Observer. 
; Rayleigh * and 
95412 104808 { Sdperick. 

- f Mascartt,Nerville, 
95374 1-04851 { and Benoit, 
95334 1:04894 Strecker f. 

95411 1:04809 L. Lorentz §. 


M. Benoit has not compared his'tubes directly with the 
B. A. units. The mean.of my comparisons gives for his 


mercury tubes, M. = ‘95348 B.A.U. 
B.A.U.=1:04878 M. 


* «On the Specific Resistance of Mercury,” Phil. Trans. pt. 1, 1883. 
+ Journal de Physique, June 1884, 
{ Abh. der bayer. Akad. Bd. xv.; also Wied. Ann, vol. xxv. 
§ Wied. Ann. vol. xxv. 
VOL. VII. R 
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Thus there is a difference of -0005 ohm between standards 
issued by M. Benoit as representing the legal ohm, and those 
issued by myself on behalf of the B. A. Committee, M. 
Benoit’s standards being less than mine by that amount. 

Some other points remain to be noticed. The first time 
that I filled Nos. 37 and 39, I obtained results for the resist- 
ances differing appreciably from those given above. They 
were filled each time with equal care, the mercury had been 
treated in the same manner, and there seemed no reason, 
taking each observation separately, why one should be better 
than the other. For No. 37 I found on April 8th the value 
1:00044 legal ohms ; I noticed on April 9 that this had gone 
up to 1:00071 ; and on passing the mercury through as already 
described, it rose further to 1:00080. These differences are 
considerably greater than any possible errors of observation ; 
and it was clear that there was some small change progressing 
in the tube. It was carefully examined, but no trace of an 
air-bubble could be seen; and then it was emptied, cleaned 
again, and refilled, with the results given in Table I. Much 
the same was observed with coil No. 39. No. 38 was cleaned 
and filled twice, but gave perfectly consistent results all 
through. This uncertainty seems to me to constitute one 
serious objection to the general employment of mercury tubes 
as standards. 

I believe that for the observations recorded in the above 
Tables the tubes were properly filled, and that there were no 
bubbles of air in them. This, I think, is shown by the agree- 
ment between the results of different fillings, and I suppose 
that the resistance will not seriously alter so long as the same 
mercury remains in the tubes ; but it appears that, after fill- 
ing, electrical experiments are required to make certain that 
every bubble of air has been removed, and that the tube 
really has its true resistance. I should imagine, too, that the 
tubes would require somewhat frequent refilling to make sure 
that the mercury may remain pure. My experiments showed 
that it was almost impossible to keep the inside of the cups 
above the mercury perfectly dry. It was necessary, when 
making the comparisons, to remove the glass stopper and 
insert the contact-pieces; and this had to be done when the 
tube was immersed in the ice-water. 
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The cups were open to the air for a short time in making 
this change, and that short time was quite sufficient to cause 
a deposit of dew to be formed on the inside of the cup. So 
long as this slight moisture remained in the cup and did not 
reach the tube itself, of course it did not affect the results ; 
but it would be difficult to feel certain that after a time the 
mercury in the tube was quite dry. 

This difficulty would be avoided by working at the tempe- 
rature of the room rather than at that of melting ice. The 
large temperature-coefficient, of mercury, from three to four 
times that of platinum-silver alloy, is, however, an objection 
to this. 

Another difficulty, caused by the necessity of working 
at zero, was that the mercury in the cups was always 
slightly warmer, 0°2 or 0°3 C., than the ice. This was, no 
doubt, caused by the conduction of heat down the copper con- 
necting-rods, and from the upper portions of the glass of the 
cups which were exposed to the air. This, of course, would 
necessitate a small correction to the values of the resistances 
given in the Tables; but the correction must be exceedingly 
small, for the temperature of the mercury in the tube itself, 
where it is actuallv in contact with the ice, must be zero, 
and it is only the small portions of the tubes which lie within 
the cups which will be at the higher temperature. 

The necessity of using the somewhat complicated con- 
necting pieces is also a great drawback to the practical use- 
fulness of the mercury standards. I hope shortly to carry 
out some experiments on the permanence of the contact 
between mercury and amalgamated platinum. Contact- 
pieces of platinum with their end amalgamated with mercury 
would be easier to work with, and should give consistent 
results. 

I have also made some observations on the variation of the 
resistance of mercury with temperature. 

The formula quoted above from Benoit is given by Mascart, 
Nerville, and Benoit as determined from experiments between 
0° and 100°. 

It is 

R,= R,(1 + :0008649¢ + 00000112). 
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According to Strecker, 
R,= R,(1 + -000900¢ + 0000004527). 
This is derived from observations at 0°, 10°, 15°, and 20°. 
Lorenz finds that between O° and 27°32 his experimental 
results agree with the formula 


R,=Rp(1 + 00090132); 
and from 8°32 to 35°31 with 
R,=R,(1+-000916¢). 
While Siemens and Halske give 
R,=R,(1 + -0008523¢ + 0000013562). 


I made observations on the two tubes, Nos. 37 and 39, 
determining their resistances at temperatures of about 0°, 5°, 
10°, and 15°; and the results of the observations show that the 
average change for low temperatures is less than that given 
by the above formule. Thus, if we call (R,—Rpo)/Rot the 
average change between temperatures ¢ and OQ, the values, as 
found from my experiments and as calculated by the formule 
of Siemens and Benoit, are as given below. 


Average change Siemens and : 
between — Halske. Benott. R. T. G. 
ie} ie) 
5d and 0 “000858 “000870 C00884 
TOO 000865 “000876 000861 
Mae gr ND) ‘000872 “000881 “000879 


The values given in the last column are the mean of those 
derived from the two tubes; the greatest difference between 
the mean and any one observed value was ‘000005. Strecker’s 
values would be above Benoit’s. 

Lord Rayleigh found for the average change between 0° 
and 12°, ‘000861. 
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Of course the value of this temperature-coefficient depends 
somewhat on the glass of the tube; but the differences between 
the coefficients of expansion of various kinds of glass are too 
small to account for the whole of the differences shown 
above. 

The paper by Herr Strecker on the same subject has been 
already referred to, and it will be noticed that the number he 
arrives at as expressing M. in B.A. units differs by ‘00078 
from that given by Lord Rayleigh ; or, if we take the num- 
bers expressing the B.A.U. in terms of M., the difference is 
"00086. Now Strecker had compared his mercury tubes 
with a B.A.U. tested carefully by myself against the stan- 
dards, and found to have the value of 


*99937 B.A.U. at 17-7, 
This coil is marked €, No. 54. 


On the conclusion of his experiments, Herr Strecker re- 
turned this coil to me, and kindly sent with it a German- 
silver copy of his tubes marked No. 13, and said to have, 
according to his determinations, a resistance of 


1:00189 M. at 10° C., 
with a temperature-coefficient of 
000247 per degree. 


It was thus in my power to repeat my comparison of €, No. 
54, with the standards, and to compare the values of M. as found 
by Herr Strecker with the B.A.U. The value found for t 
54 agreed very closely with that given by Herr Strecker ; the 
results of my comparison of Herr Strecker’s coil with the 
B.A.U. are given below. The comparisons were made as 
usual, by Carey-Foster’s method; but since the difference be- 
tween the two resistances was such as to require the use 
of a long piece of the bridge-wire, a resistance of 20 B.A. units 
was introduced in multiple arc with the standard 1 unit. 
This resistance was composed of the two standard ten-unit 
coils of the Association. 
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TaBLeE VI. 
Standard of : ° 
Date. Comparison. B.A.U. in M. | M. in B.A.U. 

April G aerate ccs | Flat. 104814 ‘95407 
ON Loc ey oe € 54. 104806 ‘95413 
eas waco Flat. 104791 ‘95427 
mrp (4 PROP Scr Flat. 1:04820 ‘95402 
ere | & 54 1-04811 ‘95410 
Haye. © 54and20.| 1:04801 ‘95419 
nn wasscessce deans Flat and 20. 1:04824 95399 
Fe aera aa tie tacen eae Flat and 20.| 1-04797 95422 
Moan, Geet nensaenceee 1-04808 95412 


These numbers, it will be seen, agree with those found by 
Lord Rayleigh and Lorenz, and differ greatly from Strecker’s 
values. 

They represent the results of the comparison of a German- 
silver copy of Strecker’s tubes with the B.A. units, including 
the actual coil employed by Strecker, g@ No. 54; while 
Strecker’s numbers give the result of the comparison of his 
tubes directly with No. 54. 

I have not been able to explain the discrepancy. Herr 
Strecker suggests in a letter to me on the subject, that the 
resistance of his coil No. 13 has changed somewhat in the 
year which has elapsed since his comparisons were made. At 
present [am in correspondence with Prof. F. Kohlrausch, of 
Wiirzburg, in whose laboratory Strecker’s experiments were 
conducted, and hope to obtain another copy of Strecker’s tubes, 
or at any rate to have another comparison made between his 
tubes and the B.A. standards. 
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XXVIL. Problems on the Distribution of Electrie Currents in 
Networks of Conductors treated by the Method of Maawell. By 
J. A. Fremine, M.A., D.Sc. (Lond.), Fellow of St. John’s 
College, Cambridge, Professor of Electrical Technology in 
University College, London*. 

[Plates II. & 1V.] 


Ir any number of points in a plane be joined together 
by linear conductors such as metallic wires, we have an 
arrangement of conductors which is called a Network. If 
at any point in the network a current of electricity be 
allowed to flow in and is drained off at some other point by 
conductors, called respectively the anode and kathode con- 
ductor, then, after a short period, depending on the self and 
mutual induction coefficients of the various conductors, the 
total quantity of electricity arriving by the anode will distri- 
bute itself throughout the network and settle down into a 
steady flow. When this is the case there is a certain definite 
difference of potential between the anode or source-point and 
the kathode or sink-point, and there is also a certain definite 
and constant strength of current in the anode conductor and 
in every mesh or branch of the network. Call @ and y the 
potentials of these source- and sink-points, and wv the strength 
of the current in the anode lead, that is the whole quantity 
of electricity flowing per second through the network, then 
(y—a)/x measures the resistance of the network. We can 
imagine the network replaced by a single linear conductor or 
wire of such sort that if the anode and kathode conductors 
are applied to its ends, the difference of potentials at the ends 
of this simple conductor and the strength of the current flow- 
ing through it have the same numerical values y, «, and a. 
The resistance of this single conductor is then the same as 
that of the complex network. 

The resistance of the network is obviously some function 
of the resistances of the separate conductors or wires which 
compose it, and is capable of being calculated from them. 
Experimentally, the resistance of a complicated network would 


* Read June 27, 1885. 
$2 
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best be determined by the measurement of the current- 
strength in the anode lead and the difference of potential 
between the source and the sink. Theoretically, it is in- 
teresting to examine the law of distribution of currents in a 
network, and to reduce to a function of the separate resist- 
ances the total resistance of the whole network between any 
two points. 

§ 2. In his larger Treatise on Electricity, Clerk Maxwell 
has treated the general case to determine the differences of 
potentials and the currents in a linear system of 2 points con- 


: : 1 : 
nected together in pairs by : n(n—1) linear conductors*, and 


has shown how to form the linear equations, the solution of 
which gives the condition of the network when given electro- 
motive forces acting along some or all of the branches have 
established steady currents in them, 

The usual method of obtaining a solution for the distribu- 
tion of currents is the application of Ohm’s law round the 
several currents of the network, controlled by the condition 
of continuity that there is no creation nor destruction of elec- 
tricity at the junctions. 

Since the publication of the first edition of his Treatise, 
Maxwell reduced these two sets of equations to one set by 
the simple device of regarding the real currents in the meshes 
of the network as the differences of imaginary currents round 
each cycle or mesh of the network, all directed in the same 
direction, and thus obtained by the application of Ohm’s law 
a single set of linear equations, the solution of which gives 
the required currents in each branch. Maxwell’s method is 
as follows f:—If we have p points in space and join them 


together by lines, the least number of lines which will con- 


néct all the points together is p—1. If we add one line more 


we make a closed circuit somewhere in the system ; that is 


* ‘A Treatise on Electricity and Magnetism,’ 2nd edition, Vol. i. § 280 
and § 347. 

+ This method was first given by Clerk Maxwell in his last course of 
University lectures. It is alluded to in the second edition of his larger 
Treatise and in the Appendix of his smaller Treatise by their respective 


editors, Mr. W. D, Niven and Professor Garnett, to whom it was com- 
municated by the present writer. 
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to say, a portion of space is enclosed and forms a cell cycle 
or mesh. KHvery fresh line added then makes a fresh mesh; 
and hence if there are / lines altogether joining p points, the 
number of cycles or cells will be k=/—(p—1). Now let 
such a system of points and lines represent conducting wires 
joining fixed points, and forming a conducting network. Let 
a symbol be affixed to each point which represents the elec- 
trical potential at that point, and also a symbol affixed to 
each line representing the electrical resistance of the con- 
ductor represented by it. In such a diagram of conductors 
the form is a matter of indifference so long as the connections 
are not disturbed and lines are not made to cross unless the 
conductors they represent are in contact at that point. 

Consider a network, Pl. III. fig. 1, formed by joining nine 
points by thirteen conductors. Then there will be 13—(9—1) 
=5 cycles or cells. Now let an electromotive force E act in 
one branch B, and give rise to a distribution of currents in the 
network. Let «, 8, y, 6, &c. represent the potentials at the 
points, and A, B, C, D, &c. the electrical resistances of the 
conductors joining these points, and imagine that round each 
cycle or circwit an imaginary current flows, all such currents 
flowing in the same direction. 

A circuit is considered to be circumnavigated positively 
when you walk or go round it so as to keep the boundary on 
your right hand.. Hence, going round an area A in the di- 
rection of the arrow is positive as regards the inside if you 
walk inside the boundary-line, and negative as regards ex- 
ternal space B if you walk in the same direction round the 
outside. We shall consider a current, then, as positive when 
it flows round a cycle in the opposite direction to the hands 
of awatch. Returning then to the network, we consider that 
round each cycle flows an imaginary current in the positive 
direction. The real currents in the conductors are the 
differences of these in adjacent cycles or meshes, and the 
imaginary currents will necessarily fulfil the condition of con- 
tinuity, because any point is merely a place through which 
imaginary currents flow, and at which therefore there can be 
no accumulation nor disappearance of electricity. 

Let 2, y, z, &c. denote these imaginary like-directed cur- 
rents. Then «—y denotes the real current in the branch I, 
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and similarly #—z that in branch H. Then a, y, z, &c. may 
be called the cyclic symbols of these areas. The cyclic symbol 
of external space is taken as zero; hence the real current in 
branch B is simply z. 

Let an electromotor act on the branch B, bringing into 
existence an electromotive force in that branch. Let the 
internal resistance of the electromotor be included in the 
quantity B, representing the resistance of the branch A. Then 
apply Ohm’s law to the cycle w formed by the conductors B, 
I, H; we have E—Be=y—a. 


# is the actual current in this case flowing in the resistance B, 
and the potential at the ends of B is equal to the effective 
electromotive force acting in it less the product of the resist- 
ance of the conductor multiplied by the current flowing in it. 
For the conductor I we have similarly 


y—B=(«—y)I. 
Hence w—y represents the actual current in I: it is the dif. 
ference of the imaginary currents flowing round the w and y 


cycles in the positive direction. And for the conductor H 
we have also B—a=(«—2)H. 


Add together these three equations, 
K=y—a+Bza, 
O=R—y+(e—y)I, 
O=a—8+(w—z)H ; 


and we have, as the result of going round the cycle x formed 
of conductors B, I, and H, 


E=2(B+I+H)-yI-2H. . . . . (1) 


a, B, y have disappeared in virtue of these opposite signs. 
This equation (1) is called the equation of the « cycle; and 
we see that it is formed by writing as coefficient of the cyclic 
symbol 2 the sum of all the wesistances which bound that cycle 
and subtracting the cyclic symbol of each neighbouring evole 
multiplied respectively by the common bounding resistance 
as coefficient, and equating this result to the effective electro- 
motive force acting in the cycle, written as positive or nega- 
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tive according as it acts with or against the imaginary current 
in the cycle. This is Maxwell’s rule. 

Since there are k cycles or meshes we can in this way form 
k independent equations, and by the solution of these deter- 
mine the / independent variables, 2, y, z, &e. The value of 
the current in any branch is then obtained by simply taking 
the difference of these variables belonging to the adjacent 
meshes, of which the conductor or branch considered is the 
common boundary. 

§ 3. Let us now consider the most general case possible, in 
which we have a network composed of linear conductors suf- 
ficiently far apart to have no sensible mutual induction, and 
let there be electromotive forces acting in each branch or 
conductor. Let the system be considered to have arrived at 
the steady condition. Let x, y, z, &e. be the cyclic symbols 
or measure of the imaginary current circulating counter- 
clockwise round each mesh. Let A, B, C, &e. (fig. 3) be the 
resistances, and @, ¢, ¢3, &c. the electromotive forces acting 
in each branch. These are reckoned positive when they tend 
to force a current round the mesh counterclockwise, and 
negative when they act in the opposite direction. Then the 
equation to the « cycle will be 


e(A+J+1L)—yJ +Oz+ Out Ow=e. 


The symbols of all the cycles are written down, putting in 
those of z, uv, and w with zero coefficients, as they are not 
adjacent cycles to that of «. We shall have five equations 
similar to the above for the other cycles, y, z, w, and wu. 

Now it can very simply be shown from the theory of deter- 
minants, that if there are m linear equations of the type 


yy + AgXs “bE r . 5 a + é a, x, =P, ; 


bey + Date + ° = 5 . 0 A b, Un =Pp2) 


kyay + kote + . . ‘ . : . k,, L,=DPn9 
the solution for any variable 2, is the quotient of the deter- 
minants 
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| P1 ag . . . . a, 
| Pr be b,, 
se kg hy 
y= 
a, a, ay 
by by bn 


The only difference between the numerator and denominator 
is that the solution for z, is given by writing as numerator the 
determinant of the n equations having the column p,, pee 
substituted for its nth column, and then writing down as 
denominator the determinant of the n equations simply. 

Thus, for example, the solution of the three linear equations 


ax +by +cz =d, 
qr+hytez=d, 


agt + boy + ¢,2=da, 
is 

d eb ¢ 

| dy by a 

dy by Cg 

t= 

a. Of e4 
a bb a 
ay by Cy 


with similar expressions for y and z, differing only in having 
as numerators respectively 


a dé eé¢ a bad 
a d and a, b dy |> 
| ag dy Cg ag by dy 


denominator being the samo. 
In this case the evaluation of these determinants is easy: a 
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simple symmetrical process of taking products, according 
to the rule, 


| a b Cc | 

| : ; 
awe vy. is = (aei + bf/y + cdh) —(ecg + bdi+afh). 
g h a 


§ 4. The properties of determinants enable us, however, 
very easily to evaluate a numerical determinant of any order. 
The process consists in the gradual reduction of the determi- 
nant in order by such transformations as will render all the 
elements of the first row or column zero except the first. The 
determinant is then reduced to the product of its leading 
elements and the corresponding minor. A repetition of this 
lowers the determinant one degree at each stage ; and finally, 
when it is resolved into a numerical two-row determinant, a 
simple cross multiplication gives its value. 

The process of evaluation of a numerical determinant is 
dependent on four principles :— 

(1) That the value of a determinant is not altered if rows 
are changed into columns. 

(2) The interchange of two rows or two columns reverses 
the sign of the determinant. 

(3) Ifevery constituent in any row or column be multiplied 
by the same factor, then the determinant is multiplied by that 
factor. 

(4) A determinant is not altered if we add to each consti- 
tuent of any row or column the corresponding constituents of 
any other row or column multiplied respectively by an iden- 
tical factor, positive or negative. 

For example, suppose that the solution of a series of network 
equations with numerical coefficients of resistance yield the 
determinant 


we proceed to pronate on this as follows :—Subtract the 
second column from the first and write the remainder, Asa 
new first column we get. 
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Mciere Le 
—-1 8 9 2 
lel eae 
Din Gea eee 


Subtract the third row from the first and put the remainder 
as a new first row. Also add the third row to the second for 
a new second row, and we get 


1 2-3 3 
oe eee ox 
jee Vee? 
7 ey ee) 


Again, subtract the first row from the third for a new third, 
and subtract three times the first row from the fourth row for 
a new fourth row, and we have 


1 2—8 3 
Ort9 hid: 
O-1 7 O 
0 1 14-2 
which is equivalent to the third order determinant 
200) Garo 
—1 ge 
1 14-2 
And a similar series of operations reduces this to 
76 5 
21 -2 


which is equal to ' 
—76 x 2—5 x 21= —257. 


Accordingly a series of simple subtractions and multiplica- 
tions will effect the evaluation of any numerical determinant, 
and enable us to solve a series of linear network equations for 
the currents in all the branches when the numerical values of 
the resistances of the conductors are given. The equations as 
written above give as solutions the values of the cyclic sym- 
bols or imaginary currents round each mesh. To obtain the 
actual current in any branch, we should have to obtain the 
values of the cyclic symbals or imaginary currents, for the 
adjacent meshes of which the given branch is a common 
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boundary. Maxwell ingeniously saves labour in this opera- 
tion by taking as the symbol for one mesh say x+y, and for 
an adjacent mesh y (fig. 4), and then the real current in the 


branch AB is aty—y=a. 


And the simple rearrangement and solution of the network 
equation gives at once as value for w the current in the resist- 
ance AB, which is the common partition of the two meshes. 
§ 5. Returning now to the case when there is only one 
impressed electromotive force in one branch, we see that in 
forming the cycle equations only one will be equated to an 
electromotive force, viz. the equation for the mesh containing 
the impressed electromotive force in one of its branches. All 
the other equations will be equated to zero ; and accordingly 
the equation for the current in any conductor will be of the 


form BA,-_, 


An 


where A,, is a determinant of the nth order, and A,_, isa first 
minor of this. Referring to fig. 1, we see that, by writing 
down the five equations of the cycles 2, y, z, u, w, we obtain 
equations by which to calculate the currents in any of the 
thirteen branches, and the current in branch B will be 
oe 
= IN 3 

where A,, is the determinant formed of the coefficients of the 
five equations, and A,_, is the first minor corresponding to 
the coefficient of « in the equation of the «-cycle. 

We also saw that if y and @ are the potentials at the ends 
of the branch B, E—Be=y—a. 


Now consider that part of the network which remains if the 
conductor B is removed, and let us imagine that a current n 
continues to be forced into it at y and drained out at a; the 
total resistance of that part of the network, not counting B, is 


1 deatled 
but this is equal to . 

E 

— —B. 

& 


Now since the resistance of B may be anything, let it be zero; 
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then the total resistance of the network between y and a will be 


R=—; 


& 


=P] 
oa (Ns, B=0; 


where the suftix and bracket denote that after the determi- 
nants are formed from the cycle equations, according to 
Maxwell’s rule, then in them B is put equal to zero. 

If we denote the determinant of all the n-cycle equations 
under the condition of B=0 by d,, and by d,-, the first minor 
of this or the minor of its leading element corresponding to the 
coefficient of « with the resistance of the circuit containing 
the effective electromotive force put equal to zero, we have 
for the total resistance R of the network between the points at 
which the current enters and leaves, the expression 


ake. : 
R= gs; 


but 


Since, then, as we have seen, the linear equations for the 
cycles can always be solved by evaluating the determinants, 
it follows that in all cases, no matter how complicated, the 
resistance of any network can be calculated by simple arith- 
metic processes from the given resistances of the branches or 
conductors which compose it. We have therefore an interest- 
ing extension of Maxwell’s method of calculating the currents 
in a network and the potentials at the junctions to a method 
of calculating the combined resistance of a number of con- 
ductors forming a network ; which method consists, as seen 
above, in forming a certain determinant whose elements 
are formed of the separate resistances of the branches, and 
dividing this determinant by another of an order next below, 
viz. the first minor of its leading elements; and we find 
that the resistance between any two points of any network 
of conductors, however complicated, is expressible as the 
quotient of a portals determinant by another formed from it. 

§ 6. We shall proceed to illustrate this method by a few 
examples. 

1. Find the resistance between the points 1 and 3 (fig. 5) 
of a network consisting of five conductors, whose resistances 
are A, B,C, D, BE, joining four points, 1, 2,8, and 4. 
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Connect 1 and 3 by an imaginary conductor of zero resist- 
ance, and having an electromotive for Ce, @, supposed to act in 
it. Tat woe qanoe the cycles or imaginary like-directed 
currents in the three meshes so formed, and write down the 
current equations, according to Maxwell, for these three 
cycles :— 


(A+B)z —Ay —Bz =e, 
—Ax +(A+E+D)y —Ez ai (), 
—Be —Hy +(B+C+E)z=0. 


Then, by what has been shown above, the resistance R be- 
tween the points 1 and 3 of the network is given by the 
expression 


(A+B), =e —B 
Sie (At H+D), =J) 
ad = 43} =! (B+C+E) 
(AEs Deen 


8 (B04) 


In dealing with numerical cases we need no longer intro- 
duce any notice of imaginary electromotive forces, but proceed 
according to the following rule. 

To determine the resistance of a network of conductors 
between any two points on the network. Join these two 
points by a line whose resistance is supposed zero, and give 
symbols to the meshes of the network so formed; calling 
this additional mesh produced by the added zero conductor 
the added mesh. Then write down a determinant whose dexter 
diagonal has for elements: the sum of the resistances which 
bound each mesh, beginning with the added mesh ; and for 
the other Blocnedt of each row the resistances “alias separate 
this mesh respectively from adjacent meshes, and having the 
minus sign prefixed, zeros being placed fs elements corre- 
sponding to nonadjacent meshes. 

More explicitly, if we denote by 2, y, z, he. the meshes, 
2 being the added mesh, and by 2R,, 2R,, ZRe, &c. the sum 
of the resistances which bound each cycle, then these will be 
the elements along the dexter diagonal of the determinant. 
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And if x and y are adjacent meshes, and *R represents the 
resistance of the common boundary, then —*R will be the 
element in the zth row and yth column, and also in the yth 
row and ath column ; but if z and z are nonadjacent meshes, 
then 0 will be the element in the 2th row and zth column, and 
also in the zth row and zth column. Having formed this 
determinant, which we call the network determinant, we 
divide it by the first minor of its leading element; and the 
quotient is the resistance of the network between the two 
points, joined by the zero-conductor forming the added mesh. 
It is seen that, owing to the mode of formation of the network 
equations, the network determinant is a symmetrical deter- 
minant—that is, one half of the determinant is the reflection, 
as it were, of the other half in the diagonal considered as a 
mirror. 

§ 7. As a means of comparing the results of this method 
with other known results, let us take the exceedingly simple 
case of three conductors joining two points in what is com- 
monly called multiple are. 

Let 1, 2, and 3 (fig. 6) be the three conductors joining 
two points A and B; let their respective resistances be 
1) 72, 73; then join A, B by a dotted line so as to make one 
added mesh, and let the resistance of this added circuit be 
zero. Then, without writing down the equations to the cycles, 
we see that the network determinant is 


dn = Tr cai! if 0) 
<i) Rirets ——=i7"s 
0 — 7 To+73 


The elements 7, 7, +72, 72 +73 of the dexter diagonal are the 
sums of the resistances which bound each mesh, 2, y, and z, 
taking the added mesh 2 first. 

The other elements of the first row are the resistances, with 
minus sign prefixed, which separate the mesh «2 from mesh y 
and mesh z; or are common to 2 and y and x and z, viz. 7, 
and zero, because 2 and z are nonadjacent. And, similarly, 
if m and n are any two meshes, then the element in the nth 
row and mth column is the resistance separating or common 
to the two meshes ; and the element in the nth row and mth 
column is identical with that in the mth row and nth column: 
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zero being placed as an element if these meshes, m and n, 
have no common boundary or circuit. 

The above determinant is easily evaluated. By adding the 
first row to the second for a new second row, and this new 
second row to the third for a new third row, we transform the 
determinant easily into 


rT, <7 0 
0 To 19 
0 0 3 
which is equal to 
T1{1oP3. 


The first minor of the leading term of the network deter- 
minant is 
yt, rs 2) 
and 2 Te +13 =dy-1, 
which is equal to 
TT. + Tos Ts" § 


and hence the resistance of the network between A and B is 


dy, TP oP3 
= SH 
An—-1 Tyo t+ Trg +73; 


which is a known result. In these simple cases the above 
general rule is, of course, a less easy method of finding the 
combined resistance than the direct application of Kirchhoff’s 
corollaries of Ohm’s law ; but whereas the general method is 
alike applicable to the most complicated as well as to the most 
simple cases, the simple direct method requires twice as many 
equations, and does not determine the direction as well as 
magnitude of the current in each branch. 

§ 8. As a sithple numerical example we may take the case 
of a crossed square of wires. Let 12 conductors join 9 points 
(fig. 7) so as to form a square divided into four squares, or a 
four-mesh network of conductors. Let the resistance of each 
branch, as ab, be unity. It is required to find the combined 
resistance between A and B. Number the meshes 1, 2, 3, 
4,5; 1 being the added mesh formed by joining AB by a 
dotted line, making an additional fifth mesh, the resistance of 
this additional ideal conductor being zero. Then the network 
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determinant is 


4 —1 -2 -1 0 
i ass a ane, sods 
ae —1 4 —1 0) 
—1 0 —1 4 —1 
0 —1 0 —1 4 ae 


The dexter diagonal has for each element 4, viz. the sum of 
the four resistances, each to unity, which form each mesh or 
cell. And all the other figures, say, in the nth row, are the 
resistances (with minus sign prefixed) separating the nth 
mesh from all other meshes, zero being placed in the column 
corresponding te any mesh which has no common conductor 
or branch with this nthmesh. The order in which the columns 
stand and also the rows correspond to the order in which the 
meshes are numbered in fig. 7. 

The numerical value of this determinant is easily found to 
be 288=3 x 96=d,. Now if we take the first minor of its 
leading element, we get a determinant formed of the elements 
included in the dotted rectangle ; and taking this as a separate 
determinant and evaluating it, we have its value 


dy, =192=2 x 96 ; 


hence the resistance of the network between the points A 


and B is 
d, iy 288 eee. 
dei = 192 =14 units. 


§ 9. One more simple numerical case may be taken and 
compared with the results of known methods. 

Let a hexagon of conductors be taken (fig. 8) having 
crossed diagonals all meeting in the centre. Let the resistance 
of each side, as ab, be unity, and also let the resistance of each 
semidiagonal, as 0a, be unity. Then required the combined 
resistance of this network of 12 conductors between the points 
A and B diametrically opposite. Join the points A and B by 
a-dotted line of zero resistance, making an added mesh 1. 
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Mark the other meshes 2,3, 4,5, 6, 7. Then by forming the 
network equations it is easily seen that the network deter- 
minant d,, is 


Vi LU ONO SSoe—1 
0 0 0 0-1 8=-— 
0 0 0-1 0-1 
The value of this determinant is 256. 
The first minor of the leading element of dy is dy_. 
= 38-1 0-1 0 0O 
=i oa=—1o5 0 60. 50 
0-1 3 0-0-1 
ad eat) ONPG?) 
0 0 O-1 8-1 
0 0-1 0-1 38 
The value of this last is 320. 
Hence the resistance of the network between the points A 


and B is 
i be LY noe | 


~ dum 820°—«5 

We can easily verify this result in the above symmetrical case, 
for the hexagonal framework in fig. 8 is traversed symme- 
trically by the current flowing through it; and hence no 
disturbance of the distribution of currents will take place by 
separating it, as in fig. 9. We break the connection between 
the semidiagonal conductors a, b and the mean diagonal A B, 
whilst keeping them in contact with each other, the resistance 
of each branch still remaining unity. It is then easily seen 
that the hexagon so arranged must offer exactly the same 
resistance between the points A and Bas in its original form. 

Now the combined resistance of a, b, and 7, each equal to 
unity, between the points C, D is %, and the combined resist- 
ance of this with e and g in series is 2% ; and hence the total 
resistance of the whole network between A and B is equal to 
that of three conductors in multiple arc whose resistances are 


VOL. VII. T 
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respectively 2%, 2, and 2%, which is equal to 


1 weld 
Ete beh 
ag Dunes 


the same result as obtained above. 

These numerical examples show conclusively that, in cases 
in which the resistance of a network can be obtained by simple 
direct methods, the results coincide, as should be the case, 

* with those obtained by the employment of the general method ; 
but at the same time the general method is capable of con- 
ducting easily o a solution in the most unsymmetrical cases. 
The general rule will, for instance, just. as easily give the 
determinants when the selected points between which the 
resistance is reqnired are not symmetrically placed, but are, 
say, adjacent angles of the hexagon, in which case no such 
simple direct method as employed above can be used. 

§ 10. The following example will give a good illustration 
of Maxwell’s method of treating network problems, viz. the 
case of Sir W. Thomson’s resistance-balance for small resist- 
ances. In this arrangement (fig. 10) 9 conductors join 6 
points and form 4 cells. B is the battery-circuit in which 
operates an electromotive force E. Let the four cycle cur- 
rents be denoted by «+y, y, z, and w. These are the imagi- 
nary like-directed currents round the circuits, and the real 
currents in the branches are the differences of these. 

The problem is to determine the current in the galvano- 
meter branch G, and the relation of the resistances when this 
current through G is zero. Let P, Q,8, T, R, 7, D be respec- 
tively the resistances of the branches, and G the resistance of 
the galvanometer circuit, and B the resistance of the battery 
circuit. Then #+y and y being the imaginary like-directed 
currents in the two adjacent meshes of which the galvanometer 
branch is the common boundary, then «+y—y=z2 is the 
current through the galvanometer. ‘ 

Proceeding to write down the cycle equations, according to 
Maxwell’s rule, we have 

(P+G+Q+R)c+y—Gy—Qe—Rw=0, 
(T+r+8+G)y—Ga+y—Sz—rw=0, 
(Q+8+ Diz—Sy—Qz+y¥—Dw=0, 
(R+D+r+ B)w—Re+y—Dze—ry=E. 
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Rearranging these equations and solving for x, we have the 
following value :— 

—Q+ 8, D, al 

T+S+r, T+r, —r |, 
P+Q+R, P+R, —R 
in which A is the determinant of the four equations in 2, y, 
z, and w, and whose specific value does not concern us. 

This gives the current in the galvanometer-branch ; and if 
this is zero, then the determinant in the numerator of the equa- 
tion giving w must be zero. Hence, when z is zero, we have 

= OF S, D, O 
T+S+7, r+T, T | =0, 
P+Q+R, P+R, P 
this determinant being derived from the one in the equation 
for « by adding the second and third columns for a new third 


column. 
This last determinant equation writes out into 


TS as shee as: 
(Q+8+D) PR P,Q 


Hence the condition that the current in the galvanometer- 
branch shall be zero is that both determinants in this expression 
shall be simultaneously zero, or 


alt 


x 


+D =0. 


Leae? | (hogs) 
= d =x() ; 
PR 0, an P, Q | 
that is, Teles 
Ve ea tay 


Hence this condition expresses the relation which must hold 
good between the magnitudes of the resistances T, P, Q, 8,7, 
R, in order that the galvanometer-branch G may be conjugate 
to the battery-branch B. 

The above example shows well the symmetry of the method 
when dealing with a case of distribution of currents in a net- 
work. 

§ 11. Asa final illustration, let us consider the case of a 
circular wire A P BQ, with a diametral wire P Q across it. 

Take any two points A, B, at the extremities of : diameter 

} x 
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not coinciding with P Q, but separated by an angular distance 
@ from it, and let us obtain the resistance of the circular wire 
so crossed between the points A and B. 

Join the points A, B by a dotted line of zero resistance. 
Call the three meshes so formed 2, y, and z; let r be the 
radius of the circle ; and let p be the electrical resistance of 
the wire per unit of length. Then the 


Resistance of branch PQ =2pr, 


” ” AP=pr, 
es ” ” AQ=pr(7—8), 
Resistance of branch BQ=resistance of AP, 
” ” PB= +, » AQ. 
Then the network determinant d, is 
pr, —pr(x—@), —0 
—pr(r—6), — pr(w+2), —pr2 
=) —pr2, pr(m +2) 
Removing the common factor rp, we have to evaluate 
T —7r—d —0 
—7-0 w+2 -2 
—6 2 T+2 
This is very easily reduced to 
0 Om 
aT hes Le ees 
—0 2 7 


which is equal to 
27( 1 + Or —6?), 
and therefore 
d= rp 2ar(r + Or — 6), 
The value of the minor of the leading element of the network 
determinant, viz. d,_y, is 


mp {(m+2)—4} =r%p%ar(r +4), 
Hence the resistance of the network between A and B, =R, is 


dy _p__ Qar( + Oar —6?) 
eat m1 +4) 
a 2a + 270— 26? 
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We can check this in the extreme cases when 6=0 or 0 =>. 
When @=0, the network-resistance is simply that of three 
conductors whose resistances are 2pr, pr, and mpr joined in 
multiple arc, as in Plate IV. fig. 12, because PQ now coin- 
2a 
aT+4° 
once that the above value for R becomes this when @ is put 


cides with AB; and this is simply rp It is seen at 


equal to zero. Now, when 0=5, the diameter PQ joins 


points at equal potential (fig. 13), and is not traversed by any 
current at all; and hence its removal will not affect the 
resistance between the points A and B. 

Hence the resistance of the network simply reduces to that 
of a circle measured at the ends of a diameter, or to two con- 
ductors of resistance*7pr joined in multiple arc, and this is 
7 
3" 


for R above, we get it reduced to rp Ss ; and accordingly this 


equal to pr By putting 0=5 in the general solution 


formula agrees, as it should do in these reduced cases, with the 
results of the direct method based on first principles. If a 
value of @ be found which will make the expression 
Qo + 270 —20" 
equal to 7+4, then for such a position of the diameter AB 
relatively to PQ the resistance of the circle and its diagonal 
PQ would be exactly equal to the resistance of half the dia- 
metral wire or to its radius, assuming both the circle and 
diagonal to be made of wire of equal conductivity per unit of 
length. To find the value of @ for which this is the case, we 
have to solve the quadratic 
Qe +2790 —20 =7 +4. 


If we put = is0*” where 2° is the number of degrees equi- 


valent to the angle 9, we find, as a solution for this quadratic, 
that the positive root is nearly 


171° 804. 
Now 8 radians, or 3 unit-angles in circular measure, are nearly 
171°-887. 


234 DR. J. A. FLEMING ON THE DISTRIBUTION OF 


Hence, for a position of the diagonal PQ as in fig. 14, when 
the arc AP is nearly equal to 7—3, or to the fractional part 
of 7, the resistance of the circle and diagonal PQ measured 
between the points A, B is very nearly equal to that of half the 
diagonal PQ; or, which is the same thing, the resistance of PQ 
alone is nearly double the combined resistance of the circle and 
diagonal measured between the points A and B at the extremity 
of a diameter removed 171°°804 from PQ. 

§ 12, A small practical application of this last example may 
be made in constructing a variable resistance. 

Let PAQB (fig. 15) be a narrow circular canal cut ina slab 
of wood or ebonite and filled with mercury. Let PDQ be a 
bent copper wire balanced on a pivot CD, and having its ends 
P and Q dipping in the trough at opposite extremities of a 
diameter of the circular trough PAQB. 

The total resistance between any two points A and B in the. 
trough, which are also diametrically opposite, can be varied 
within limits by changing the position of PQ relatively to AB. 

When PQ is turned so that it is at right angles to the dia- 
meter AB, it does not affect the total resistance between A 
and B, and may be removed. The resistance is then just that 
of the circular band of mercury taken at opposite extremities 
of its diameter. When PQ is coincident with AB it reduces 
the resistance, and in intermediate positions the joint resistance 
of trough and diagonal wire is intermediate between the greatest 
and least when it is in position removed either 90° or 0° from 
AB. 

By using a circular glass canai filled with sulphate-of-zine 
solution, and a zinc diagonal electrode and amalgamated-zine 
electrodes at A and B, a variable resistance may be constructed 
capable of being varied over considerable ranges perfectly 
gradually and with no imperfect contacts. 

§ 13. Having illustrated, by the foregoing examples, the 
methods of calculating both the currents in and resistances of 
networks of any complexity, we return for a moment to some 
general considerations. 

Consider a function formed of the sum of each separate 
resistance in a network multiplied by the square of the current 
strength flowing through it. This expresses the heat gene- 
rated per second in the whole network by that distribution of 
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current. This is called the Dissipation Function of the net- 
work. It represents the rate at which energy is being trans- 
formed into heat or rendered unavailable. 

Write down the dissipation function for the network in 
fig. 1. Callit H. Then 


H=Bz’+Ix—7? + He—? + Cy? + Lz—y? + Az? +Ju—y/’ 
+Kze—w’+(D+EB)w’?4+(F + @)w? + Mu—w. 
Now the cycle equation for the cycle or mesh y is, by Max- 


well’s rule, 
(C+1I+L+J)y—Ie—Lz—Jv=0, 
which is the same as 
Cy—le—y—Lz—y—Ju—y=0. 
And this is at once seen to be identically the same as the first 


partial differential of the dissipation function with respect to 
the cyclic symbol y, or is the same as 


where 9 represents partial differentiation ; and by writing 
down the other cycle equations for each cyclic symbol or 
imaginary current, x, y, z, &., we can show that these cur- 
rent-equations are respectively 

H 

4 1S, ee, &e., 

each equated to the effective electromotive force in that cycle 
or mesh. 

Let us assume now that x is constant, but that y, z, u, w, &. 
are independent variables and are arbitrarily changed. This 
is equivalent to supposing that a given quantity of electricity 
per second is pushed into the network, but that its distribution 
is supposed to be varied. We see that the equations which 
we write down, according to Maxwell, to determine the real 
distribution of currents in the network, according to Ohm’s 
law, are the same equations as would be written down to find 
the values of y, z, u, w, &e., which make the dissipation func- 
tion a minimum under fixed conditions of total current flow- 
ing into the network, viz. equating to zero the first partial 
differentials of H with respect to the variables y, z, u, &. 
The same holds good generally, hence we see that this is 
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another way of arriving at the theorem of which Maxwell has 
given a proof on page 375, § 284, vol. i. of his large Treatise, 
2nd edition, viz.:— In any system of conductors in which 
there are no internal electromotive forces the heat generated 
by currents distributed in accordance with Ohm’s law is less 
than if the currents had been distributed in any other manner 
consistent with the actual conditions of supply and outflow of 
the current.” 

The exact proof that the partial differentials of the dissipa- 
tion function eqnated to zéro gives the condition that the dis- 
sipation function shall be a minimum is not complete without 
an examination of Lagrange’s conditions. It is obvious that 
the second partial differentials of the dissipation function are 
quantities which are resistances, viz. the coefficients of the 
current symbols in the cycle equations, and that the conditions 


ay ‘ er Re te as! Peas 
for a minimum are complied with, since ay” &c. are posi- 


tive ; and the discriminant of the quadratic function of the 
currents or symmetrical determinants formed of these second 
partial differentials is what has been called above the network 
determinant. This and all its successive minors are positive 
quantities *. 

§ 14. In the foregoing sections the problems have been 
treated under the limitations that the various meshes of the 
network of conductors have no mutual and no self-induction. 
The introduction of these inductive actions will affect in a 
considerable way the treatment of the problem ; and the dis- 
tribution of the currents in, and the resistance of, the network 
will be affected by them during the time taken by the cur- 
rents to become steady. 

In those pages of his Treatise in which Clerk Maxwell 
worked out his splendid dynamical theory of electromagnetism, 
he starts with the explanation of the methods Lagrange and 
Hamilton employed to bring pure dynamics under the power 
of analysis, and the results of Lagrange are embodied in the 


equation d dav aT 


* See Williamson’s ‘ Differential Calculus,’ p. 408, “On the Conditions 
fora Maximum and Minimum of a Function of any number of Variables,” 
§ 163, and Appendix. 
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in which X is the impressed force tending to increase the 
variable x, and T denotes the visible energy of the system of 
bodies at that instant. 

This equation establishes a relation between the kinetic 
energy of a material system at any instant, the force im- 
pressed upon it in a certain direction, and a quantity called a 
variable, which expresses the state or condition of the system 
with respect to that direction. Maxwell, by a process of ex- 
traordinary ingenuity, extended this reasoning from materio- 
motive forces, masses, velocities, and kinetic energies of gross 
matter to the electromotive forces, quantities, currents, and 
electrokinetic energies of electrical matter, and in so doing 
obtained a similar equation of great generality for attacking 
electrical problems. 

In the electrical problem:the variables are the quantities of 

electricity 2, y, z, &¢. which have from the beginning of the 
epoch flowed past any points, and the analogues of the velo- 
cities are the fluxes of these, x, y, 2, &c., or the currents. 

The electrokinetic energy is rented by the quadratic 
expression 


T=}Lait4¢Lor+ ... Myxat, ke, 


where the coefficients L,, L., Mj, are functions of the geome- 
trical variables, but into which the electrical variables do not 
enter, 

If now, as before, 2,, x represent the imaginary like-directed 
currents round each mesh of a network, in which currents 
are beginning to flow, then 


ar and ts , Ke. 
dz, Z. 


represent the electrokinetic momenta of these circuits. De- 
note them by Pi Pa, &e., and accordingly 


A= L,2, ne Misra, ke. 


If E is the impressed electromotive force in the circuit or 
mesh arising from some cause, battery, thermopile, dynamo 
machine, &c., which would produce a current independently 
of magneto-induction, then, if R be the total resistance 
round the mesh, and z the cyclic current, Rz is the electro- 
motive force peraired to overcome the resistance of the circuit, 
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and E—Rz is the electromotive force available for changing 
the electric momentum of the circuit. 

Accordingly, by Lagrange’s equation, 
oa 
dz’ 
where Tis the electrokinetic energy. As T does not contain 2, 
that is to say it is a function of currents, not quantities, the 
last term disappears, and we have 

_d aT 


° dp 
E-Ri=2 — 


or 


The electromotive force is therefore expended in two 
things: first, overcoming the resistance R; and, secondly, 
increasing the electromagnetic momentum p. Now if there 
is no electromagnetic momentum, we have seen that the 
cyclic equations are of the form 


where H is the dissipation function of the system, and K’ is 
the acting electromotive force concerned in overcoming the 
resistance of the circuit. 


If, then, we substitute for Re in equation =, we have 


as the general equation for the electromotive force in any 
mesh or cycle z, 


d aT 
di de 


dH 

+ += =. 

This most important equation is Maxwell’s general equation 
for determining the current 2 in any circuit when the dis- 
sipation function, and kinetic energy, and impressed electro- 
motive force are known. We shall proceed to apply it te the 
solution of some network problems, i in which the self and 
mutual induction of the branches is taken into account to 
determine the distribution.of currents and combined resistance 
at any instant during the variable state. 
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§15. Consider, first, the case of a galvanometer with a 
coefficient of self-induction L and resistance G, and shunted 
by a shunt of resistance S, but wound so as to have no co- 
efficient of self-induction, and let the shunt and galvanometer- 
coils be so far removed that there is no coefficient of mutual 
induction. This is the ordinary practical case. 

Let a battery be joined up and let the battery and con- 
nections have a resistance B and electromotive force E (see 
ng. 16). 

We have then a two-mesh network. Call the current in 
the galvanometer- and shunt mesh y and the current in the 
shunt and battery mesh «+y. Then the current through 
the galvonometer is y, the current through the shunt is 2, and 
the current through the battery is «+y. 

The dissipation function H is 


Be+y’ +S8q2’?+ Gy’=H, 
which may be written 
Peay uC he) ade ty yas 
ead the electromagnetic energy is 
Ly? = T. 
Hence, by the general equation, 


abe tM he a PAE 
Hae aw aia Risen a 
di dy *® dy” 

we have the two cycle equations for the y and #+y cycles, 


“Ly + G+8y—Sety=0 


and 
B+8 «t+y —Sy=H, 
or 
es +G)y—Se=0 
dt 2 
and 


By+B+827=H. 
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The solution of these for x and y is 


E B+S 
Rig: 
y = ——————_ = current through 
B B+8 [galvanometer, 
dia 
LI+G —Ss 
and 
B E 
d 
2 = __ = current through 
B B+S8 [the shunt. 
d 
Lot G -S 
Writing out this differential equation for y/ we have, 
LE -G B B+S H..—B+48 
~ dime ’ 
0 B+ mre ee 
or B+S1.& +(BS+RG+S8G)y=ES, 
or dy _ BS+BG+8G . ee.S 
dt (D+S)lee oe (RES 


The solution of this differential equation is 
ES BG+G5+B8 
\ fo BGyGSaBS (1-8 (B+8)L ‘). 
This gives the value of the current through the galvanometer 
at any time, ¢t, after starting the flow by making the connec- 
tion with the battery. 
When t=0, then y=0, and as ¢ increases y increases, and 


ES ak 
finally, when t= o, y= BGaGSTBS 0% 28 it may be 
E 


8 
ca. Wma 3 
BrCIE 
This last is the ordinary formula given for the current 
through a shunted galvanometer ; but we see that when, self- 


induction is taken into atcount, it is not until after an infinite 
time that the current rises to this value. 


written, y= 
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By the cycle equation, By + B+ Sz=E : henca 


ne UT BY 
~ B+S° 
BG+GS+BG 
And if we write N for the factor (l—e ~ B48)‘ ) , then 
Bu EBSN 
BG+BS+S8SG 
2 - 
B+ 


_E(BG+ BS +8G— BSN) | 
(B+3)(BG+ BS+ 8G), ’ 
which gives the current through the shunt at any instant. 

§ 16. Consider now the combined resistance of the galva- 
nometer and shunt at any instant. 

The self-induction of the galvanometer acts like a spurious 
resistance during the poten nent of the current and drags 
out or prolongs the rise of current in the galvanometer- ee ; 
accordingly, during this period the Snbined resistance is a 
function of the fae t from the commencement of the flow. 

To calculate the combined resistance of galvanometer and 
shunt at any instant, we proceed as in the cases above exem- 
plified. Form the cycle equations 


(B+S)e¢+y—Sy=E 
——— eed oe 
—Sty+(G4+8+L5) y=0. 
Write down the determinant of these equations with the bat- 
tery-circuit resistance put equal to zero, that is put B=0, and 


the combined resistance R required is the cues a this 
determinant by its first minor, viz. 


S _s 
8 G4+84+L2 
a ae ar 


R= 
Great 
dt 
or 
Ss () 
sftp tern d 
di §(G+5 
R= ———____— = __“&. 

8+@4L2 84 (G+L5, 
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We have now to see what is the meaning of G+L S as an 


operator in a determinant. 

If we consider the formation of a current in a circuit of 
resistance R and coefficient of self-induction L by an electro- 
motive force H, we have the equation for the current 7 


Write thus 
(L5+R)i=E; 
or, by notation of the calculus of operations, 
d -1 
i=H(L5+R) . 
But now the solution of the above differential equation 


under the conditions t=0, i=0, and t= , i=a, is 


as, “ 
jap line’) 
Comparing these two expressions for i together, we have 
ug Be Ey 


Hence we may substitute in the expression for the combined 


resistance of galvanometer and shunt for L c+ G, 


and we have as a result, 
oe SG en 
G+ s(1 —et' ) 
We see that when t=0, R=S§, and when t= o, RaQ. 
et 
Hence the result shows that at the first instant of starting a 
current through a shunted galvanometer, when the shunt 
has no self-induction and the galyanometer a considerable 
one, the galvanometer behaves as if it had a high spurious 
resistance, which in time dies away, allowing the total current, 
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after an infinite time, to be divided between the galvanometer 

S G 

~— to ~—_,: 
. G+S  G+8 

§ 17. We may apply the same methods to the examination 
of the case when the current sent through the shunted galva- 
nometer is not generated by a source of constant electromotive 
force, but is a:discharge from a condenser. 

Let K (fig. 17) be a condenser connected up with a shunted 
galyanometer, so that when the key & is pressed a discharge 
passes through the galvanometer and shunt. Call the two 
cycles x and y. Let G be the galvanometer-resistance and S 
the shunt, and let L, and L, be their respective coefficients of 
self-induction ; the coefficient of mutual induction being zero. 

Let q be the quantity of electricity in the condenser at any 
instant t. Counting the time from the instant of commencing 
the discharge, :let C be the capacity of the condenser, and let 
g; and gp be the quantities of electricity which have, since the 
beginning of the epoch, flowed respectively through the gal- 
vanometer and the shunt. 

If T be the energy function and F the dissipation function, 
we have, as above, the fundamental equations 


2P=Lyy’? + L.(¢—y)’, 


and the shunt in the ratio of 


and 

2F=Gy’?+ S(a—y)’ ; 
or : 
77g be Ly’ Lx? a Lyy’ —2Laxy, 


2F = Gy’ + Sa? +8y’—28ay. 
By the fundamental equation 
ou “F a =e 
dtdz de” — 
For e we must write = 
Writing, then, the cycle equations, we have 
d ae 
qi lat — Lay) +8«—-—Sy= ree 
Cay + Ly—Lse) +Gy+S8y—Se=0 ; 


from which we deduce eae 
ZY aH, 
L, dt + Gy=— eu 
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and 
d q, 

Ly7, (ty) + 8a -W=G 3 
or 

dy 1,4 (gy) =S(e@—y)—G 

L, di Ly 7 (# y)=S(@—-y) Ue 

Now y and 2—y represent the strengths of the currents flowing 
through the galvanometer and the shunt at any instant. 


If we integrate both sides of the equation from 0 to oo, we 
have 


[Dny—La(e—y) Ie =8( zayu—c{ yt. 


Now the left-hand side of the equation is zero because quan- 
tities of the form of Ly represent the number of lines of force 
which are added into the circuit of the galvanometer, and the 
discharge may be divided into two parts, during one of which 
lines of force are being added to, and in the other of which sub- 
tracted from, the circuits of the galvanometer and shunt; and 


the sum of these is zero. Again, ( («—y)dt and | ydt re- 
20 2/0 


present the whole quantities g, and q, of electricity which 
have flowed respectively through the galvanometer and the 
shunt. Hence we arrive at the conclusion that! 


Sqo— Gq =0, 

or 
G_ % 
N) qn 


that is, the total quantity of the discharge is divided between- 
the two circuits inversely as their resistances. We see there- 
fore that self-induction does not affect the ratio of division of 
a discharge in a divided circuit, provided that: no external 
work, such as the moving of magnets or circuits conveying 
currents, absorbs current energy. Hence, if a ballistic gal- 
vanometer is shunted and a discharge sent through it, if the 
needle has sufficient moment of inertia and the discharge is 
sufficiently short, so that the needle has not perceptibly moved 
from its position before the discharge is over, then the whole 
quantity of electricity is divided between the galvanometer 
and the shunt in the inverse ratio of their resistances, 
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§ 18. To complete the solution we haye to calculate the 
current flowing through the galvanometer and shunt at any 
instant. 

Taking the two cycle equations 


LY + Gy=2 ee ee (h) 


and 
L (i E eens = 
2qGe—y t “—y= a ee eee 64, 
we get 
dy 
L, = 4-Gy, 
and 


1_T, Sz—y—L,Gy 


hee mF Sie (1, + Lp) 6 


=(L,+ Le) 4—LiSe+ Che InGeu. Git) 


Differentiate this last equation with regard to ¢ and eliminate 
d: : : ; é 
oY by the help of the equation above it, and we arrive at 


dt 
x dz  L,S—L,G /« 
pene ae 1 a2 1 2 Gy): 
Saree cr alk (é Gy) 
Eliminating y between the last and equation (iii.) and_re- 


ducing, we arrive at 


ees (LS +1.G)°" + G8e=(G+8) £ 


(i 


di : ; is lh 
but now a=——’. Making this substitution we have 


dt 
L,L,0 54+ 0 (L,8+1,6)44 +cas424(a+8)9=0, (iv.) 


an interesting equation, the solution of which gives us 
the quantity of electricity in the condenser at any instant, ¢, 
after starting the discharge. Sates to the equation above 


Ly of + Gy= 


This equation gives us a value of y or the current through 
the galvanometer at any instant when we know g, or the 
VOL. VIi. U 


246 Dk. J A. FLEMIXG ON THE DISTRIBUTION OF 


; quantity left in the condenser at that instant. The above 
may be written 


eee | 
ica (Lig; = G CC 
and the final equation (iv.) may be written 
G= (Is L,C? “+ (L841, ao +eas 5 "+0(G+8)) 0; 


and accordingly we have the following equation for the value 
of y at any instant 


y= (Lig +G). (ui L,C 


which may be written 


2 T+ (LS + Ly ao Geass +c(G4 


y= (ils oF + (LSC? + 21yL.0°G) et (2L,C°GS + LGC 


+(G GF SCL, + 0°68) +GCG G48) 0. 


This linear differential equation is solved when we know 
the roots of the auxiliary biquadratic; and according as they 
are all real or partly imaginary, so will be the nature of the 
solution. 

If the roots are all real the solution is a sum of exponentials, 
whose total value first increases and then dies away as ¢ 
increases, indicating that the discharge produces a wave of 
electricity through the galvanometer always in one direction; 
but if two or all of the roots of the auxiliary biquadratic are 
unreal, it indicates as the form of solution a function of sines 
and cosines which will have periodic values, and points to the 
fact that the discharge is a series of alternations. The general 
ease, when both the galvanometer and shunt have coefticients 
of self-induction, when treated to determine the conditions for 
an oscillating discharge, leads to an expression of considerable 
complexity and not much practical use. The reduced ease, in 
which the galvanometer is wound to have self-induction and 
the shunt so as to have no coefficient of self-induction, is, 
however, a practical case, and can be treated without much 
difficulty. 


Taking the differential equation for g, equation (iv.), and 
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writing in it L,=0, we have 


or 


CL,S<3 4408 %04 (G+8) g=0, 


S @&q GS dq, q 


247 


G48 de E(G+S) a +0n,—* 
The discharge will be oscillatory if the auxiliary quadratic 
hee GS il 
Gre CGS) 1A CL 


has unreal or imaginary roots. 
Solving it we have 


or 


4 om, & GF G48 
Didi alee SCL.,” 


I CERCLA EAT. RC 
(m+5r.) = “s G’?S?C?—4G+81L,8C 


21, 21,8C. 


Hence, for the roots to be imaginary, 


or 


41, G+S8 SC must be greater than G?S’C’, 


41! ie GS 
C Ga 


If this relation holds good, then the discharge is oscillatory 
in the condenser; and accordingly we see that to prevent 
electrical oscillation in the galvanometer circuit, the product 
of resistance of the galvanometer and combined resistance of 
galvanometer and shunt must be equal to or greater than 
four times the self-induction of the galvanometer divided by 
the capacity of the condenser. 


We may write the solution of the quadratic above, 


where 


G+S8 
G = 8 @ 
Umegtpe 6 \/ TC 47? 
=—at /—1£, 


fi +8 
G CN hea 
ba eke cea aint: 


(Or 
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and accordingly when @ is real, that is when 


GIs 


we have, for solution of equation, 
qg=Ae-*‘cos Bt + Be~*sin Bt. 
When t=0, g=Q=the original charge of the condenser, and 
dq 
spel when t=0 ; 


therefore Q=A and Q3=B ; 
and g=Qe-e (cos Bt+ goin Bt). 


Having now the value of the quantity of electricity left in 
the condenser at any instant, we can find easily, from the 
cycle equation (#.), the value of the current through the 
galvanometer. For 


dy a, Y 
L,7, + Gy= © 
or 
dy } Geog 
Se tiles Cie 


and the constant C! is determined by the condition y=U when 
t=0), 


Substituting the value of g above, we have 


& 
aL’ 


y=e—* for +-, ath fe(B cos Bt+asin Bt) } 


—ret eo C! aL sin pt}; 


ac 
y= BOL, 


a= 


but C/=0, 


e~“ sin Bt ; 
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and since 
G+S 
at a Seer 
eee rn \/ 47.0 ate 
a Q aera ( G+S @ 
y= G5 Cae 2L, sin sho-a) 
CL,—- —— 


S 4 
which gives the value of the instantaneous current in the 
galvanometer-circuit at any instant ¢ after starting a discharge 
from a condenser of capacity C and original quantity Q through 
a shunted galvanometer, the shunt being wound without seli- 
induction, and the galvanometer having a coefficient of self- 
induction Ly. 

§ 19. Two concluding examples of this method of treating 
network problems will now be given, which are in Professor 
Clerk Maxwell’s own words*. 

Theorem.—To compare the induction between one pair of 
coils and any other two. 

Let a, B, y, 5 be four coils of wire. 

It is required to compare the mutual induction of @ and ¥ 
with that of B and 6. 

Join up aand £@ coils in series with a galvanometer, and 
join up y and 6 coils in multiple are with a battery, as shown 
in fig. 18. 

Place the coils in position. 


* In the May term 1879, Professor Clerk Maxwell lectured at Cam- 
bridge on Electromagnetism, and in the two last lectures of the Course he 
gave this method of obtaining the equation for the currents in a network 
of conduction. In the last lecture of all he applied the method to cases in 
which self and mutual induction was taken into account, and gave the two 

_ illustrations in § 19. At the conclusion of this lecture he had ended his 
professorial duties for the term, and a melancholy interest attaches to the 
subject which occupied his mind on the last occasion on which, uncon- 
sciously to himself or his pupils, he was to perform them. Those who 
enjoyed even for a brief period the privilege of being taught by him, ever 
cherish a vivid remembrance of the intellectual treat afforded by Professor 
Maxwell’s lecture-teaching, and the profound suggestiveness and interest 
of it. 

The two examples in § 19 and § 20 are taken from my notes of Prof. 
Maxwell’s lectures, with some little alterations to make them clearer. 
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Let R and § be resistances of the primaries y and 6; let Q 
be resistance of the two secondaries and of the galvanometer. 

Let L,, L,, N,, No be the coefficients of self-induction of 
the coils, and M,, M, the coefficients of mutual induction of 
aand y, Band 6 Let T be the coefficient of self-induction 
of the galvanometer. 

Call w the cycle current of y, y that of 8, and z that of the 
circuit formed of a, 8, and the galvanometer. 

The kinetic energy T of the system is 


2T=2°N, + 222M, 4+2(L,+L,4+T)+y7No+ 2y2My, 
and the dissipation function F is 
2F=a°R+y7°842Q. 


Then, by the formula 
ddT dF 


~ dtdx” da’ 
aN,+2M,+2R=E. 
yN.+2M,+yS=—E. 
aM, +yM,+2(L,+ Ly + T)+2Q=0. 

Now z—y is the current through the battery; hence if we 
put «+y for x in the above, we shall get x as the battery- 
current. Hence, making the change, we have 

(z@+y)Ni +2M, +2+yR=B, ..... (i) 
yNo +eM,+yS=—E,...... (ii) 
(wv +y)M, + mM, +2(Ly +L,+T)+2zQ=0; . (iii.) 
add equations (i.) and (ii.) and arrange, putting n for Eo 
(N.n+ R)x+(Nyn+Non+R+8)y+(M, + M,)nz=0, 
M,na+ (Mn+ Mgn)y + {(L,4+1L.+T)n+ Qtz=0. 
Kliminating y, we have 
{n(Nyn + R)(M, + My) —Myn(Nin+ R+8) ha 
+((Mi + M.)?n?— 4(L, + Lo +P )n+Q} {Nin+Non+ R+ St)z=0. 
Hence we get . 
{n®(M,N, —M,N,)—n(M,S—M,R)} » 


a denominator which does not concern us 


_— 
— 
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If matters are so arranged that z=0, or the galvanometer 
shows no current, 


(M,N, — MN.) =(M,S—MR); 


hence if there is no ‘‘ kick ”’ on the galvanometer on making 
the current, then 


M,_R 
Ms 8 


§ 20. Theorem.—To determine the capacity of a condenser 
by means of a Wheatstone’s bridge (fig. 19). 

Let «, 8, y, ' be the four points of a Wheatstone’s bridge; 
and let the branch between « and @ be interrupted at a b, and 
a Leyden jar or condenser inserted provided with some rapid 
commutator, such as a tuning-fork, so that whilst the outside 
of the jar is kept permanently attached to £8, the inside is 
alternately joined to a and b. 

If a tuning-fork is used and its prongs have small metal 
styles which just come down to the surface of the mercury in 
two little cups, when the fork vibrates, as the prongs come 
together, the upper point dips in; and as they separate, the 
lower one dips in; hence the shank of the fork is alternately 
connected with one and the other cup. The interval between 
the time of connection being exactly half the time of a com- 
plete oscillation of the fork. 

Now let the meshes of the network ie called «+2, z, and y; 
then « is the current through the galvanometer, and y is the 
current through the battery. When the arrangement is made 
as in the diagram, and the fork set vibrating, the vibrating 
fork and the condenser act together like a resistance, and let 
through so much electricity per second. 

Now, as the condenser gets its charge by electricity flowing 
into it, it builds up an opposing electromotive force in the z 


circuit which at any instant is equal to the value of j es ¢ where 


K is the capacity of the jar, the integral being integrated from 
the instant when the charging commences up to the instant 
considered. Now, if the fork makes n vibrations a second 
when the steady state is set up, the current z which flows into 
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the jar has a mean value z; and therefore —- ae is the opposing 


electromotive force in that branch. 

Accordingly, the condenser and associated commutator 
behave like a voltameter inserted in the branch af, or like a 
resistance with a counter electromotive force init. Only such 
a combined jar and fork differs from an ordinary metallic 
resistance in this, that its apparent resistance is not constant, 
but depends on two things, the speed of commutation or 
charge and recharge, and the capacity of the condenser; whilst 
the counter electromotive force depends on the current ¢, and, 


being represented by re is dependent not only on n and K, 
2 her é 


but also on the values of all the other resistances in the branches. 
In the first place, we require an expression for the electro- 
motive force charging the condenser. Let the difference of 
potential between a and L be called e. Then consider the net- 
work formed by the five conductors R, 8, Q, G, and B with 
the electrometive force in the branch B; write down the net- 
work equations for this z mesh network. 


(B+R+S8)y—S(e+2) =EH, 
—Sy+(Q4+84+G)(w+z)=0. 


Hence 
seen 
and 
2£+2= F 


where 6= the determinant 


B+R+8, —§ 
which is 
S(Q+ G)+(R+B)(Q+S+G). 


Now the difference of potential e between a and b when the 
condenser is just beginning to be charged is 


G(c+z)+ Ry=e; 
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Pe easy ER(Q+8+4+G) 
.e= —— SE 
) ) 
—G, —R 
=F SG+R(Q+8+4+G) Q+8+G, —S 
S(Q+G)+(R+B)(Q+8+G) ~ 8(Q+G)+(R+B(QES+ 


or 


—G, —R 
_Z snc Ie ea 

Now if the electromotive force e be employed n times in a 
second to charge a jar of capacity K, the average current 
flowing into the jar is nKe =z. 

Now to find z we have to consider the distribution of cur- 
rents when the fork or commutator is in operation, and the 
condenser allowing a flow of electricity to take place through it. 

Let P be the resistance which could equivalently replace 
the jar and fork—that is, would allow an equal quantity of 


electricity to pass per second ; then, since “e is the opposing 

electromotive force in this branch, we have the following 

equation for the three cycles w, #+z, and y:— 
—Sr+(R+8+B)y— Oe 
—Gae—Ry+(P+R)z=— ere 


(Q+8+G)x—Sy+(Q+8)z=0. 
Now let A stand for the determinant 
—§, R+S+B, —(R+S8) 
1 
—G, —R, P+ yi d +R 


Q+8+G, —S, Q+8 
Then the solution of the above equations for 2 and wv are 
E —G, —R 
- Q+8+G, —S 
= x , 


and 


E —R, P+ +R 


—S, Q+8 | 
ee co nena, 
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z is the average current flowing through the condenser, and x 
is the current through the galvanometer. Now let the resist- 
ances R, S, and Q be so varied that the current through the 
galvanometer is zero, then 2=0; and therefore 


1 
—§, Q+8 
or 
R(Q+8)=8(P+ — +R), 
or 
RQ _ 1 
i: eee P+ nk 
Now insert this value for P+ ne in the determinant A 


nk 


above and calculate its value, and we arrive at the expression 


aw (B(Q+S) + Q(R+8)}{G(R+8)+R(Q+S8)} 
S 


We have now, by substitution of this value of A in the value 
obtained above for z,an expression for the value of the average 
current through the condenser when the bridge is balanced, 
and it is 
us| oY —R 
Qt S+ G, —S 
~ {B(Q+8)+Q(R+8)}{G(R+ 8) FR(QFS)} 


Equating this to the other value for z, namely, 


=r =i 
z=nKe=nKE Q+8+G,—-S 
S(Q+ G)+(R+B){Q+S8+G ¥ 
we have 
nk = S{8(Q+ G) +(R+ B)(Q+8+G)} 


{B(Q+8)+ QR+8)HG(R+8)+R(Q48)P 
which gives us a value for nK in terms of 
B, 4), 0H 5.3 Ge 
Now it is interesting to note that we may otherwise write 
the above expression for nK, 


ae 


mK O° 
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where A is the determinant, 


R+B+8, —S, —kh+S8 
—R. Q+8+6, R(241)|, 
—R, Ee Q+S8 


and 6 is its first minor, 
R+B+8, —-S 
—§, Q+8+G 


/ 


ie : : 3 
and —. is of the dimensions of a resistance. 


nK 
The value for nK writes out by a simple transformation into 


another form, 
S? 
s{1- 


iene eal ade 


nK= 


RO{1+ GRaErEy} {3+ RQ+STG) : 


which is the form in which it is given by Prof. J. J. Thomson 
in his paper, and quoted by Mr. R. T. Glazebrook in his 
memoir on a Method of Measuring the Capacity of a 
Condenser*. 

The above examples are amply sufficient to exemplify this 
method of treating problems in networks of conductors, and 
show how it enables calculations to be made with considerable 
ease, not only of the distribution of currents and potentials, 
but of the resistances between any points on a network, the 
branches of which consist either of simple resistances or of 
wires having self- and mutual induction with other branches, 
or of electromagnets, or condensers associated with appropriate 
commutators. 


* This method of Maxwell’s, of obtaining the capacity of a ccndenser has 
been practically employed, with most excellent results, by Mr. R. T. 
Glazebrook, F.R.S. ; and the full details of the tests to which.he subjected 
the method are given in his paper in the ‘ Proceedings of the Physical 
Society,’ vol. vi. part iii. p. 204 (June 28, 1884), [Phil. Mag. for August 

1884, p. 98.] 
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XXVIII. On the Generation of Electric Currents by Sulphur 
Cells. By SuetrorpD BioweEL., M.A., DL.B.* 


Ix a communication recently made to the Physical Society t 
I ventured the suggestion that the electric conduction of 
selenium, when prepared in such a form as to be sensitive to 
light, was, in the literal sense of the term, electrolytic. Sele- 
nium itself indeed could hardly be supposed to be an electrolyte; 
but it was pointed out that when selenium was “annealed ”’ 
in contact with metallic electrodes, metallic selenides would, 
at least in most cases, be formed in sufficient quantity to 
account for the electrolytic phenomena observed ; and that 
even if this were not the case when the electrodes consisted 
of sucha metal as platinum, yet the necessary metallic element 
might possibly be found in the lead, iron, and arsenic which 
are contained as impurities in ordinary commercial selenium. 
Little direct evidence was offered in support of this view; 
but it was shown that sulphur, when mixed with a certain 
proportion of sulphide of silver and arranged in the form of a 
“ell”? with silver electrodes, exhibited many of the pro- 
perties of crystalline selenium, especially that of having its 
electrical resistance temporarily diminished under the influ- 
ence of light. Analogy therefore tended to confirm the opinion 
which I had been led to entertain. 

While observing the secondary or polarization-currents 
which are generated by sulphur cells (as by those made with 
selenium), after being disconnected from a battery, certain 
effects were noticed which seemed to indicate that when the 
electrodes consisted of two different metals, a sulphur cell 
might be capable of originating and maintaining an indepen- 
dent or primary current. Experiments were therefore made 
with the object of investigating this point; and the present 
paper contains an account of the results obtained. I have 
hardly attempted to connect them together by any complete 
theory: of some of them, indeed, I can offer no explanation 
whatever ; others appear to be in direct opposition to what 
might have been expected. But, so far as I have been able 


* Read June 27, 18865, 
f Phil. Mag. August 1885. 
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to ascertain, they are entirely novel, and of sufficient interest 
to be worthy of record. 

(1) A slip of mica was wound with two parallel wires of 
silver and copper 1 millim. apart, and melted sulphur con- 
taining a small quantity of precipitated sulphides of silver and 
copper was spread over one surface. It is not known what 
proportion of the sulphides was contained in the mixture, 
because the bulk of them sank to the bottom of the crucible 
in which the sulphur was melted. When cold, the cell was 
connected with a reflecting galvanometer, and was found to 
generate a small but steady current, indicated by a deflection 
of about 20 scale-divisions. When the connections of the 
cell were reversed, the current was reversed. It was therefore 
not due to any thermo-effect in the circuit. The direction of 
the current was from silver to copper through sulphur: its 
strength was diminished by exposure to light, and increased 
by rise of temperature. Connecting the free ends of the 
silver and copper wires and heating the junction, it was found 
that the thermo-current thus produced passed (as usual) from 
copper to silver through the junction. The increase of cur- 
rent by heat was therefore not to be accounted for by thermo- 
electric action, for that would produce the opposite effect. 

The action is almost certainly of the same nature as that 
which occurs in an ordinary voltaic cell. 

(2) It appeared desirable to construct a cell which, though 
unsuitable for experiments with light, would have a much 
smaller resistance than one of the form last described. A 
plate of copper 3 centim. square was heated, and upon it was 
spread a mixture consisting of 5 parts of sulphur and 1 part of 
sulphide of copper. A plate of silver previously heated was 
then laid on the melted mixture and the two plates squeezed 
together, thus forming a sandwich-like cell. The thickness 
of the copper plate was 2°75 millim., of the silver plate -60 
millim., and of the completed cell 3°65 millim.; the thickness 
of the layer of sulphur was therefore °3 millim. When this 
cell (after cooling) was connected with the galvanometer, the 
spot of light was violently deflected off the scale. Dr. Fleming 
was kind enough to make a very accurate measurement of its 
electromotive force by comparison with one of his standard 
Daniell cells. It was found to be ‘0712 volt, and its internal 
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resistance was 6537 ohms. As in the case of the former cell, 
the direction of the current is from silver to copper ; and there 
can be no doubt that it is of a voltaic nature. At the time of 
writing, the cell has been in existence nearly seven weeks, and 
it is now, I believe, quite as powerful as at first. 

(3) It was thought that the internal resistance might be 
further reduced by adding a larger proportion of sulphide to 
the sulphur. Another cell was therefore constructed similar 
in all respects to that last described, except that the sulphur 
and copper sulphide were mixed in equal proportions. Its 
internal resistance was enormously lower, being only 13 ohms, 
but its E.M.F. was also lower, being ‘0071 volt. 

(4) A layer of precipitated sulphide of copper was placed 
between plates of copper and silver which were squeezed 
together in a screw-press. The resistance of this arrange- 
ment was a small fraction of an ohm; but when connected 
with the galvanometer, it gave no indication whatever of a 
current. It seems, therefore, that a certain amount of free 
sulphur is necessary for the generation of an electromotive 
force by cells containing copper sulphide. 

(5) Two parts of copper sulphide were mixed with one of 
sublimed sulphur, and the powder was compressed between 
plates of copper and silver. This cell gave a very small 
current, indicated by a galvanometer-deflection of 2 or 3 scale- 
divisions. The deflection was reversed as often as the con- 
nections with the binding-screws of the cell were reversed ; 
and the existence of a real, though very small, electromotive 
force was undoubted. The internal resistance was ‘088 ohm. 

(6) The last-mentioned cell was taken to pieces and remade 
after the addition of about an equal part of sublimed sulphur 
to the mixture of sulphur and sulphide. Its resistance was 
now found to be many megolims, yet it produced a larger 
galvanometer-deflection than before. 

(7) Once more the cell was taken to pieces and a little 
more sulphide added. When remade, its resistance was at 
first about 2700 ohms ; but it varied considerably. It pro- 
duced a galvanometer-deflection of about 100 divisions, which 
in a few minutes increased in a somewhat irregular manner 
to 250 divisions. It was then disconnected from the galva- 
nometer, and, when again connected after an interval of six 
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hours, it deflected the spot of light off the scale. Shunting the 
galvanometer (the resistance of which was 3483 ohms) with 
a coil of 300 ohms, the deflection amounted to 130 divisions; 
and on the following day with the same shunt, the deflection 
was at first about 250 divisions, rapidly diminishing, however, 
when the circuit was closed. 

(8) A cell was made by compressing precipitated silver 
sulphide unmixed with any free sulphur between plates of 
silver and copper. When connected with the galvanometer, 
this cell produced a deflection which, with a shunt of 35 ohms, 
exceeded 400 divisions. But in this case the silver was the 
negative plate, the direction of the current being from copper 
through sulphide to silver. The H.M.F. was less than that of 
the cell described in (2). 

(9) Another cell was made in the same manner as that 
described in (2); but the sulphur was mixed with sulphide 
of silver instead of sulphide of copper. This gave a strong 
current in the same direction as that produced when sulphide 
of copper was used, and opposite to that generated by the cell 
containing silver sulphide without free sulphur. 

(10) Pure sulphur was melted on a clean plate of copper, 
and, when just liquid, a warmed plate of silver was laid upon 
it and pressed down with a weight until cold. This cell gave 
a strong current from silver through sulphur to copper. 
Sulphides were of course formed during the process of 
construction. 

(11) A melted mixture of sulphur and silver sulphide was 
spread upon a copper plate, and a plate of silver pressed upon 
it. When cold, the silver plate was split off witha knife, anda 
piece of silver-leaf, sufficiently thin to appear blue by trans- 
mitted light, was attached (by rubbing) to the exposed surface 
of the mixture. Ag before, there was a comparatively strong 
current from the silver to the copper. The silvered surface 
was then exposed to the light of burning magnesium wire, and 
the immediate movement of the spot of light through 50 scale- 
divisions indicated a diminution of the current. When the 
magnesium was extinguished, the current at once increased 
to its original strength. When a nearly red-hot brass rod 
was held at a distance of 3 centims. from the silvered surface, 
the current slowly increased in strength; and when the hot 
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rod was removed, the current was again slowly diminished. 
The effects both of light and of heat were verified by many 
repetitions of the experiments. These results which, so far as 
regards the effect of light, were unexpected, are of the same 
character as those described in (1). I have elsewhere* given 
strong reasons for believing that the combination of sulphur 
with silver is assisted by the influence of light. If this is so, 
it is certainly a remarkable fact that increased corrosion of the 
silver electrode should be accompanied by diminution of the 
current. 

Two days afterwards the silver-leaf had become much dis- 
coloured, and was in some parts quite black. When con- 
nected with the galvanometer the cell gave a current of nearly 
the same strength as before; but now it was found to be 
slightly increased by light as well as by heat; and it is pro- 
bable that the light as such exerted no influence whatever, 
the observed effect being really due to the incidental rise of 
temperature. 

(12) The silver-leaf was scraped off, and the surface of the 
sulphur mixture having been cleaned from all visible traces 
of free silver with fine emery-cloth, a piece of thin gold- 
leaf was pressed upon it. It was found very difficult to make 
it adhere satisfactorily. The cell, when connected with the 
galvanometer, gave no indication whatever of a current. 
When the cell described in (2) was also inserted in the circuit, 
the spot of light was deflected, showing that the first cell was 
quite able to conduct electricity, and that its failure to origi- 
nate acurrent was not owing to bad contact between the gold- 
leaf and the sulphur mixture. 

(13) A cell containing a mixture of sulphur and silver 
sulphide between plates of silver and iron was found to have 
an H.M.F. of :023 volt, or about one third of that of the silver- 
copper cell described in (2). The direction of the current 
was the same. 

(14) A cell was made by melting sublimed sulphur upon 
a plate of copper and pressing a plate of iron upon the melted 
sulphur. On connecting it (when cold) with the galvano- 
meter, there was no indication of any current. Nevertheless 
the cell was found to conduct electricity very well when a 


* Phil. Mag. August 18865. 
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battery was also placed in the circuit. Sulphide of copper 
was of course formed by the action of the hot sulphur upon 
the copper. 

(15) A melted mixture of 5 parts of sulphur with 1 part of 
copper sulphide was pressed between plates of silver and iron, 
and cooled. When first made, this cell generated a sufficiently 
strong current to deflect the galvanometer-needle as far as 
the stop would allow; but two hours later, when an attempt 
was made to measure the E.M.F., it was found to have almost 
completely disappeared, being less than a hundredth of that 
of the cell described in (2). The E.M.F. was temporarily 
restored by connecting the iron and silver plates with the 
positive and negative terminals of a battery of ten Leclanche 
cells for a few minutes. The result was of course merely a 
polarization-current. 

(16) Two silver wires A, B were imbedded ina fused mass 
consisting of equal parts of sulphur and copper sulphide. 
When cold, the wire A was connected with the carbon pole 
of a battery of ten Leclanché cells, and the wire B with the 
zine pole. After the current had passed for about a second, 
the cell was detached from the battery and connected with 
the galvanometer. A current was at once indicated in the 
direction A B, 7. e. in the same direction as that of the battery- 
current which had been caused to pass through the cell. This 
experiment was repeated many times and on different days, 
with the same result*. A period of some seconds necessarily 
elapsed between the separation of the cell from the battery 
and its attachment to the galvanometer. In order to render 
this interval as short as possible, the apparatus was so arranged 
that by depressing a key the transfer could be effected in a 
small fraction of a second. It was then found that the first 
effect of the transfer was a strong momentary current in the 
direction BA, which was immediately followed by the more 
permanent current previously observed in the direction A B. 
With the view of retarding the first effect, a battery of 
two Leclanché cells was used, and the connection was made 
for alonger period. After the battery had been connected 
for one minute, the cell was transferred to the galvanometer 


* The experiments described in the remainder of this paragraph were 


made after the paper was read. 
VOL. VII. 


x? 
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by means of the key, and the swing of the spot of light through 
280 scale-divisions again indicated a current in the direc- 
tion BA. Though this was not, as before, a current of only 
momentary duration, it rapidly decreased in strength, becoming 
zero in almost exactly 30 seconds. After zero was passed, a 
current was at once set up in the opposite direction A B, which 
in 30 seconds produced a deflection of 70 divisions, increasing 
to a maximum of 131 divisions in 10 minutes. The current 
then slowly diminished ; and in 5? hours after the commence- 
ment of the experiment the deflection had fallen to 17 scale- 
divisions. At this point the observations were discontinued. 
In the accompanying curve the abscisse represent the time 
in hours, and the ordinates the current in scale-divisions. The 
current of 30 seconds’ duration in the direction BA is not 
represented. 


Hours. 
On another occasion, when the two Leclanché cells had 


been connected for 3 minutes, the secondary current from B 
to A decreased still more slowly than in the last-mentioned 
experiment, vanishing in 34 minutes. The current which 
followed in the direction A B attained its maximum, indicated 
by 155 divisions, in 6} minutes, and then steadily decreased 
for nearly 4 hours, when it again became zero. The spot of 
light did not, however, remain stationary, but moved steadily 
on, indicating a second reversal of the current. In one hour 
after zero had thus been crossed for the second time, the gal- 
vanometer-deflection was 12 scale-divisions ; and 44 hours 
later, when the last observation was made, it had increased to 
20 divisions. In both these experiments the galvanometer 
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(of which the resistance was nearly 3500 ohms) was shunted 
with a coil of 100 ohms. 

These alternating currents are probably of the same nature 
as those which Faraday found to be generated when copper and 
silver, or two pieces of copper, or two pieces of silver, were 
immersed in a solution of potassium sulphide*. The wires 
are alternately protected from the action of the free sulphur 
by an investing coat of sulphide. 


Summary. 


Plates of silver and copper imbedded in a mixture of sulphur 
with sulphides of copper or silver constitute a cell which at 
the ordinary temperature is capable of generating and main- 
taining a constant current, the silver being the positive 
element. Such a cell, in which the mixture consisted of 5 
parts of sulphur with 1 of copper sulphide between plates 
3 centim. square and ‘3 millim. apart, had an E.M.F. of ‘0712 
volt and an internal resistance of 6537 ohms. 

If the proportion of copper sulphide to sulphur is tease 
the internal resistance of the cell is diminished; but its E.M.F. 
is also diminished. 

A cell containing copper sulphide unmixed with free sul- 
phur fails to produce any appreciable current. 

A cell containing silver sulphide only generates a current 
in the opposite direction to that produced when the sulphide 
is mixed with free sulphur. 

Copper used in conjunction with iron or gold gives no 
current whatever at the ordinary temperature. 

The current generated by a silver-copper cell containing 
free sulphur mixed with sulphide is diminished by the action 
of light and increased by heat. It has not been ascertained 
whether the effect is upon the E.M.F. or the internal resist- 
ance, or both. 

If a battery-current is caused to pass for a short time through 
a cell consisting of two silver electrodes imbedded ina mixture 
of sulphur and copper sulphide, the cell, after being discon- 
nected from the battery, will generate a current of very short 
duration in the direction opposite to that of the battery-current, 
followed by a current which may be maintained for several 


* Exp. Res. §§ 1911 and 2036, 
x2 
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hours in the same direction as the battery-current. A second 
reversal has in one case been found to occur after an interval 
of four hours. 


The experiments, of which an account is here given, must 
be considered as being merely of a preliminary nature. A 
complete investigation of the phenomena in question would 
require more time than I am at present able to devote to the 
subject. 


Addition, August 3rd. 


From (4), (5), and (6) it appears that a cell consisting of 
copper and silver plates is incapable of generating a current 
unless a certain proportion of free sulphur is mixed with the 
sulphide. Thinking that the function of the free sulphur 
might be merely to form silver sulphide by direet combination 
with the silver, I constructed a cell as follows :—A laver of 
copper sulphide was spread upon a plate of copper ; a polished 
steel plate was laid upon the sulphide, and the whole was 
strongly compressed in a vice. The steel plate was then 
removed, and a thin layer of silver sulphide was spread upon 
the smooth surface of the copper sulphide. The cell was 
completed by pressing a silver plate upon the silver sulphide. 
This was found upon trial to give a current which, with an 
external circuit of low resistance, was many times stronger 
than that generated by any of the cells previously made. It 
seems to be exactly analogous in its action to a Daniell cell 
consisting of plates of zine and copper in solutions of zine 
sulphate and copper sulphate. The quantity of the copper 
sulphide would be gradually diminished, copper being depo- 
sited on the copper plate, while the quantity of silver sulphide 
would continually increase with consumption of the silver. 

In conclusion, it seems probable that, by selecting such 
metals as experiment might prove to be better suited for the 
purpose than silver and copper, a cell might be constructed 
upon the principle of that described in the above paragraph 
which would be of practical and commercial value, 
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XXIX. On the Law of the Electromagnet and the Law of the 
Dynamo. By Sitvanus P, THompson, D.Se., B.A.* 


Jr is remarkable, considering the vast amount of research 
that has been made, that authorities in physics are in so 
little agreement as to what the law of the electromagnet is. 
Upon the one topic that is all-essential to the electric engineer 
the professed physicist is either silent, or gives mathematical 
rules that are hopelessly wide of the observed facts, and based 
in most cases on no consistent theory. The expressions given 
by Weberf for the relation between the magnetizing force 
and the induced magnetism ure an exception ; but they are 
unmanageable in the extreme, and have led to no useful re- 
sults. The expression given by Lamontt is also based on a 
certain consistent theory, but it appears to be entirely un- 
known both to physicists and to electric engineers, and is to 
be found only buried in the depths of Lamont’s own treatise. 
The two mathematical formulze which are most often given in 
treatises on physics as representing the relation between the 
magnetizing current and the induced magnetism of the elec- 
tromagnet are the following :— 

Lenz and Jacobi’s Formula.—According to the experiments 
of these early investigators (1839), the magnetism of the 
electromagnet is simply proportional to the strength of the 
current and to the number of turns of wire in the coil. This 
may be written as 

m=kSi, 

where 7 is the strength of the current, S the number of turns 
in the coil, k a constant depending on shape and quality of 
iron, and m the strength of the pole. Joule (1839) showed 
this rule to be incorrect, and that as the iron becaine saturated, 
m ceased to be proportional to Sz. 

Miiller’s Formula.—Miiller gave an expression of the 


form :— 
ae D tana? = : 


* Read November 14, 1885. 

+ Weber, Elektrodynamische Maasbestimmungen, p. 572. See also 
Maxwell, ‘ Electricity and Magnetism ’ (2nd edition), vol. ii. p. 78. 

$ Lamont, Magnetismus, p. 41. 
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where b and a are constants, depending on the form, quantity, 
and quality of the core and on the form and disposition of 
the coils. Very similar formule have been used by Von 
Waltenhofen, Dub, Cazin, and Breguet. They are purely 
empirical, fail to represent the facts with accuracy, and have 
moreover the defect of not lending themselves conveniently 
to use in the equations of electromagnetic motors, dynamo- 
electric machines, and other kinds of electric machinery. 

More recently another formula has been coming into use, 
and is known—for reasons which will presently appear—as 
Frolich’s formula: it is written 

ues 

Saal tig 9" 
where a und } are again constants, ) being the reciprocal of 
the maximum value of m. This formula, like thé preceding, 
is a perfectly empirical expression not based in itself upon any 
physical theory, and it accords with the observed facts of the 
electromagnet better than any of the preceding formule. 
Frolich, who in 1878 was using merely Lenz and Jacobi’s 
formula*, appears to have adopted this expression in 1880f, 
in consequence of the experiments which he had made with 
dynamo-machines. A similar formula had been used twenty- 
five years before by Robinsont to express the lifting-power 
of an electromagnet, and similar formule have been used by 
Oberbeck§, Fromme||, Clausius], Ayrton and Perry**, and 
Riickertf. 

Now it must be obvious that since almost the whole of 
electric technology deals with the electromagnet and _ its 
applications, it is of utmost importance to know what the true 
law of the electromagnet is. If the technologist is left to— 
the mercy of the physicist, he has to choose between formule 

* Frélich, Die Lehre von der Elektricitit und dem Magnetismus, p. 237, 


+ Frilich, Berl. Berichte, Nov. 18, 1880, p- 973; also Elektrotechnische 
Zeitschrift, 1881, April, p. 189. 

} Robinson, Trans. Roy. Irish Academy, yol. xxii. p- 1, 1855, 

§ Oberbeck, Pogg. Ann. exxxy. pp. 74-98, 1868. 

|| Fromme, Pegg. Ann. ely. p. 305, 1878. 

4] Clausius, Wied. Ann. xx, p- 367, 1883. : 
ae Ayrton and Perry, Journ. Soe. Telegr. Eng. aud Electr. xii. p. 817, _ 


tt Rucker, Phil. Mag. ser. 5, xix. p. 463 (June 1885). 
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that are based on physical conceptions and which are utterly 
unmanageable for his purpose, and formulz that are purely 
empirical expressions and have no rational basis. 

But the study of the modern dynamo-electric machine has 
brought us to a point that makes some decision a necessity. 
The entire action of the dynamo is dependent on the magne- 
tizing action of the electric current, and the law of the dynamo 
is, in the very nature of things, not to be discovered, save by 
the discovery of the law of the electromagnet. It is indeed 
extraordinary that such able physicists as Mascart and Angot, 
Mayer and Auerbach, Schwendler, and Herwig sought in vain 
for the true law to connect the electromotive force of the 
' dynamo with its speed, the resistance of its circuit, and the 
constants of its construction. Hopkinson came nearest to 
the mark when in 1879 he described the properties of the 
dynamo in terms of those of a certain curve, which we now 
call the characteristic curve of the machine; but he did not 
state the law of the dynamo algebraically, and apparently he 
accepted as true Weber’s formula for the electromagnet. 

But the law of the dynamo is now known, and expressions 
have been deduced which are found to agree with the utmost 
accuracy with the observed facts. The discovery is almost 
entirely due to Dr. Frolich*, whose papers, published at intervals 
from 1880 to 1885, are in their way already classical. The 
results first obtained by Frolich related exclusively to that 
form of dynamo in which the armature-coils and the field- 
magnet coils are both included in the main circuit—the 
series-dynamo—though they have been further extended by 
the present writer, and by others, including Frolich himself, 
to other forms of machine. A very brief resumé of Frélich’s 
research will explain his method of arriving at the law. 

His theory is based upon (1) Faraday’s law of induction, 
(2) Ohm’s law, (3) a curve, called by him the current-curve, 
expressing certain results of experiments made on the series- 
wound dynamo. 

Following Faraday’s principle, the induced electromotive 


* Frélich’s chief papers are as follows :—Berl. Berichte, 1880, p. 978; 
Elektrotechnische Zeitschrift, vol. ii. p. 184 (1881) ; %. vol. iii. PP. 69 and 
118 (1882); 2b. vol. iv. pp. 60, 67, and 71 (1883); *b. vol. vi. pp. 128, 
139, 227 (1885). 
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force E will be proportional to the speed of the machine n and 
toa quantity M which Frolich calls the “ effective magnetism,” 
and which is itself proportional to the effective area of the 
armature-coils and to the intensity of the magnetic field. 
Writing this as an equation, we have 


E = nM, 
and, by Ohm’s law, 

HE = +R, 
which gives us for the current i, 

‘= BM, 

or 

ipo 

MR 


Since M is itself a function of i, and not primarily of 2 or 
R, it is clear that i is itself a function of n/R, and we may 
write 


d= 7: 


This function Frilich set himself to investigate by pure 
experiment without making any hypothesis whatever. He 
determined the values of i 

at various speeds and with Z 
various resistances, and plot- 
ted out the results as a curve, 
values of i being taken as 
ordinates and values of n/R 
asabsciss@. This curve (see 
figure) he termed the “ cur- 
rent-curve.”” It shows itself 
to be very nearly a straight 
line, which, however, does 
not pass through the origin. 
The portion which departs from the line is difficult of ob- 
servation because it is only obtained when either n is very 
small o: R very large, that is to say when the dynamo is 
scarcely able to excite its magnets. Neglecting this unstable 
state, and dealing only with that part of the curve which 
relates to the machine as it is when in action, it is clear that 
the relation between the two variables may be expressed as _ 


0 


els 
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7 


nett 


i= 


where & and a are constants ; giving us as the equation of the 
series-dynamo :— 


Substituting for n/R its equivalent i/M, Frélich then obtained 
from the law of the dynamo the following expression for 
the “ effective magnetism ”’:— 
i 
is at bi’ 
an expression which he himself appears, in his original paper, 
to have considered as a mere interpolation-formula. It is, 
however, this expression which is generally referred to as 
Frélich’s formula for the electromagnet. 
It was in 1883 that the author of this paper, in working at 
the problem of the dynamo, realized the significance of this 
result of Frélich’s. He had been using as the fundamental law 


K = 4nAH 


to express the average value of the electromotive force de- 
veloped by rotating in a uniform magnetic field of intensity 
H, an armature whose total effective area was A; and requiring 
a formula to connect H with the exciting current, he was 
considering the various equations of Miiller, Weber, and 
others when he became aware that Frélich’s expression fur- 
nished what was needed ; and, finding it necessary for the 
case of compound-wound Wuithines to express the excitation 
in terms of ampére-turns rather than of ampéres, he rewrote 


the formula in the following way :— 


H = GSi——_ a oe 
where, as before, Si is the number of ampére-turns, G a geo- 
metrical coefficient, & the coefficient of magnetic permeability 
in the initial stage, and o a small saturation-coefficient de- 
pendent on the quantity and form as well as on the quality 


of the iron of the core. 
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Writing similarly Z’, for the ampére-turns of a shunt- 
winding, the expressions for H became 


eee: 
H= Glioma 
for shunt-wound machines, and 
reer k 
H= Seema Dae pera 7) 


for compound-wound machines. 
Inserting these values in the fundamental equation at once 
gave the following expressions :— 


Series dynamo. 


B=*{ 4dnaGa—=R} 


Ss 
i! 4nAGk = st 
c >R NS 
Shunt dynamo. 
a! rary + Rr, + Rrra 
Baz {4naGe—™t et Bn } 


Compound dynamo (at critical speed for regulation). 


= i rs( Va + Tm) Vs 
‘=- | qseesers -7} (short shunt), 


or 


— (1a + Tm) a. Ts ’ 
— Sirereae oe a} (long shunt), 


where 7a, ?n) 7s) and R are the resistances of armature, 
main-cireuit coil, shunt-coil, and external circuit respectively, 
and e the difference of potentials at the terminals of the 
machine. These results were announced by the author at the 
Montreal meeting of the British Association, and were pub- 
lished by him in his volume on Dynamo-Electric Machinery, 


as was also the important proposition that the factor v (which 
poss! 


may be called the determinant of the working power of the 
dynamo, since it appears in every one of the equations, both 
of current and electromotive force) is that number of ampére- 
turns which will reduce the éffective permeability of the 
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electromagnet, or rather of the magnetic circuit, to half its 
initial value. It will be seen that all these synthetical results 
were new, except that for the current of the series dynamo, 
which is identical with the expression that had been deduced by 
Dr. Froélich from the current-curve which represented his 
experimental results. 

Since the publication of the author’s treatise, Frélich has 
further elaborated the equations of the compound-wound 
machines ; and a more generalized form has been deduced 
‘by Prof. Riicker in the masterly paper which he communi- 
cated to the Physical Society in March last, in which, how- 
ever, he attributes to Frélich (I know not on what grounds) 
the general equation for the electromotive force of all kinds 
of dynamos. Frilich has also verified the adequacy of these 
formule by comparing results calculated from them with 
actual experiments on compound-wound machines. One 
example will suffice. 


Such a series of results proves the law of the dynamo to be 
fully established. But if the law of the dynamo, so deduced 
from Frélich’s empirical expression for the electromagnet, be 
true, then, to an equal degree of precision, must the law of the 
electromagnet be itself true. 

But Frélich’s expression is not the expression of any 
physical law: it is a mere interpolation-formula, destitute of 
rational significance. What then is the true law of induced 
magnetism? And how comes it that an expression devoid of 
physical significance so nearly expresses the physical law ? 

That question the author believes to have been already 
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solved by a forgotten investigation of Lamont, publisbed 
almost without note or comment in his L/andbuch von dem 
Magnetismus in 1867. On p. 41 of that work he gives the 


following equation:— 


as a convenient first aproximation to another equation based 
on a new theory of induced magnetism. In the above 
equation a stands for the magnetizing force, m the induced 
magnetism, and M the maximum value of the latter. Writing 


Gk for a, Si for x, and a for — we at once get 
je GkSi 
1l+oNSv 


which is the author’s way of writing Frélich’s equation. 

The physical theory which led Lamont up to this result is 
of great interest, the more so since it has been revived 
during the current year in a more elaborate form by Bosan- 
quet*, who has apparently been led thereto by an inde- 
pendent line of thought, and who has gone much farther 
than Lamont in bringing in the additional consideration ot the 
forces resisting the orientation of the molecules. Lamont’s 
theory is, briefly, that the permeability of the iron diminishes 
as the permeation increases, being at every stage of the 
magnetization proportional to the deficit of saturation. He 
assumes that for every bar there is a certain maximum of 
magnetization, to which it could only attain under the in- 
fluence of an infinitely great magnetizing force; and that the 
permeability of the bar is at every stage of the magnetization 
proportional to the difference between the actual magnetization 
and the possible magnetization, This is, in other words, as 
if in every bar there were room for only a certain limited 
number of magnetic lines of force, and that, when any lesser 
number have been induced in it, the susceptibility of the bar 
to the reception of additional lines is proportional to the room 
yet left for them in the bar. Lamont’s theory is expressed as 
follows : Let the magnetism present at any stage be called m, 
and let the maximum magnetism be called M. Then the 


4 
* Bovanquet, Phil. Mag. ser. 5, xix. p. 85 (Feb. 1885). 
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amount which the bar can still take up is M—m; and it is 
to this that the permeability dm/dz is proportional. Here « 
may be understood, as itself proportional to the number of: 
ampére-turns of the exciting current; and we may write 


Stk (M—m), 


where & is a constant depending on the units employed, and 
on the initial value of the permeability of the magnetic circuit 
when m=0. J ntegrating we obtain 


M—m=Ae-*, 
where A is a constant of integration. But when 2#=0, 
m=0 also; whence A=M, giving 

m=M(1—e-*), 
which is Lamont’s formula. 

Lamont also develops this expression in ascending powers 

of ke, 
PES La, Aa ) 
tO oe ey FE Colle wy 3 
and he then makes the remark that it may be approximately 
represented by the simpler, but empirical expression 


- ane 
Lh bon M-+az2’ 


m=Mbe( 1 _ 


which is identical in form with the expression known as 
Friélich’s. Now, writing & for a/M, 


_ Mike 
Oe Lee 
and expanding this in ascending powers, we get 
m=Mka(l—kat+hPa?— . . wd 


Neglecting the fourth and higher terms, it will be seen 
that the formulz are very nearly equal for all small values of 
ka, and are identical for the value 


3 

he==, 
or when the actual magnetism has about -456.of the value it 
would have under an infinite magnetizing force. For larger 


values of the magnetizing force the values of m calculated by 
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the empirical formula are slightly greater than those caleu- 
lated by the exponential formula. 

None of these formule render any account of a phenomenon 
noticed in many cases where an electromagnet is magnetized 
with gradually ascending magnetic forces, namely, a concavity 
in the early part of the curve of magnetization, the per- 
meability apparently becoming greater after a certain degree 
of magnetization has been attained. The researches of 
Chwolson and of Siemens seem to show that this apparent 
increase in the permeability (which is not observed with de- 
scending magnetic forces) is due to non-homogeneity, and to 
the resistance of some of the molecules to magnetization. 
Bosanquet’s theory may be taken in connection with the 
recent observations of Rowland, Warburg, Ewing, and Hop- 
kinson on this subject, which, however, is of no great im- 
portance here since the apparent maximum of permeability is 
attained in most cases at a much lower degree of magnetization 
than that at which the dynamo is actually worked. 

The very close agreement between the observed values of 
current and potential of the dynamo and those calculated by 
the equations based upon Frélich’s formula, proves that 
nowhere within the working range do the actual values of 
the magnetization differ sensibly from those calculated by the 
Frélich formula, That is to say this formula may be taken 
as something more than a first approximation to the true law 
of the electromagnet for all degrees of saturation of the 
magnets employed in practice, and may be taken as a first 
approximation for all degrees of saturation beyond that 
usually attained. 

It is eminently desirable, in the face of these facts, that 
the imperfect formula of Lenz and Jacobi, as well as that of 
Miiller, should henceforth disappear from the text-books of 
physics, and that instead thereof the true law of the electro- 
magnet should be stated, either in the exponential form or in 
the simpler form that is found to be equally true within the 
range of saturation attained in practice. 
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XXX. A Note on the Electromotive Force of certain Tin Cells. 
By H. F. Herrovn, of King’s College, London.* 


Havine failed to find any published account giving the 
electromotive force of cells consisting of tin in solutions of 
any of its salts, opposed to other metals in solutions of their 
corresponding salts, I thought that some measurements re- 
cently made by myself might be of interest to this Society 
as tending to complete the series of double-fluid cells already 
investigated and recorded by others. 

The cells examined consisted of an outer containing-vessel 
of glass or glazed earthenware, in which was placed one of 
the metals in a solution of one of its salts, and an inner porous 
pot, 8 centim. high, containing the other metal in a solution 
of its corresponding salt. It will be seen that they were, 
therefore, similar in construction to the ordinary laboratory 
form of Daniell cell, and the standard employed in these ex- 
periments was a Daniell cell made up in exactly the same 
manner. 

The solutions in the Daniell cell were copper and zinc 
sulphates of equal molecular strength as recommended by 
Dr. C. Alder Wright, the proportion being 1-8 M’SO,, 100 
H,0. The cell made up in this way was assumed to have an 
electromotive force of 1°08 volt, and it probably differed but 
little from this value. 


Method of Measurement. 


The measurements of the H.M.F. of the cells were made by 
the zero method of Latimer Clark, in which no polarization is 
possible when the adjustment is effected. The standard Daniell 
cell was used befpre and after each experimental cell in order 
to avoid error due to variation in the potential of the wire, 
resulting from changes in the H.M.F. or internal resistance 
of the third or polarizing battery, which consisted either of 
two Daniell cells or a Fuller’s bichromate. This precaution, 
however, was usually found to be superfluous, as the circuit 
of the third battery was only closed when an observation was 


* Read November 14, 1885. 
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being made, and its E.M.F. and internal resistance varied 
only within very small limits. 

In order to ascertain if the E.M.F.’s measured were really 
due to the essential chemical changes occurring within the 
cell, it was usual, after making an observation with an ex- 
perimental cell when first put up, to allow the cell to work 
for a short time on a circuit of a few ohms, so as to cause 
the surfaces of the metals to become dissolved and deposited 
upon respectively. The circuit was then opened, and after a 
short rest the E.M.F. was again determined. If this differed 
by little or nothing from the previous measurements it was 
considered to be the true value for that cell ; if, on the con- 
trary, there was an appreciable difference further measure- 
ments were made. By operating in this way it was found 
that copper plates (particularly electro-deposited metal) which 
had been exposed to the air, and had acquired a superficial 
film of suboxide, usually gave, when first put up, an E.M.F. 
somewhat in excess of their true value. After allowing the 
cell to send a current for a few minutes, the E.M.F. fell to 
the normal value, and thereafter remained sensibly constant. 
( Vide also Dr. Fleming, “ Use of Daniell’s Cell,” Proc. Phys. 
Soe. vol. vii. p. 168.) 

As such initial fictitious electromotive forces would affect 
to’their full extent the results obtained by a method like that 
of Poggendorf or Latimer Clark, or in fact any method in 
which difference of potential and not the current is measured, it 
was thought well to control such measurements with one or 
two cells by using Wheatstone’s method of adding a resist- 
ance to bring down the deflection of a galvanometer-needle 
through a given number of degrees. The results obtained 
by this means agreed remarkably with those found by the 
previously mentioned process. 

In the calculations relating to the heat of formation of 
some of the salts, it has been taken as a mean value that the 
electrochemical equivalent of hydrogen is °0001038*, and 
that the Joule equivalent is 4:16 x10" ergs. From these 
numbers the factor which, multiplied into the heat, expressed 
in gramme-degrees, evolved by the displacement of the 


* “On the Determination of Chemical Affinity in terms of Electromo- 
tive Forcé,” by Messrs. Wright and Thompson, Phil. Mag. vol. xix. p. 7. 
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gramme equivalent of one metal by that of another, will give 
the electromotive force in volts, is found to be 4:318x 10-5 
or 4°32 x 10-* nearly. 

The electromotive forces of the following combinations have 
been measured :—tin and copper, zine and tin, cadmium and 
tin, in solutions of their sulphates and chlorides; and zine 
and tin in solutions of their iodides. 

The stannous sulphate employed was obtained by the action 
of sulphuric acid with the aid of heat upon finely granulated 
tin, in presence of platinum or copper to aid the action. The 
solution of stannous sulphate contained some free sulphuric 
acid ; and in fact it appears to be impossible to prepare a 
neutral solution suitable for these experiments, as on dilution 
to the required strength it deposits a basic salt, the solution 
becoming acid. Moreover a nearly neutral solution of stan- 
nous sulphate when kept is easily acted on by atmospheric 
oxygen, becoming cloudy and finally depositing what is pro- 
bably either a mixture of basic stannous sulphate and stannic 
hydrate, or a basic stannic sulphate (?). With free sulphuric 
acid present in the proportion of from 1 to 2 per cent., the 
solution was satisfactory, and the effect of the free acid is 
considered below. For similar reasons it was found necessary 
to operate with solutions of stannous chloride containing a 
small amount of free hydrochloric acid, and with stannous 
iodide containing free hydriodic acid. 

The metallic tin employed as plates in these cells was 
chemically pure, it having been obtained by electrolysis of a 
pure solution of the sulphate. The electro-deposited metal 
was carefully fused and rolled into strips. 

The copper plates employed had in all cases been well 
covered with the electro-deposited metal. The zinc used was 
a good specimen of commercially “pure” metal, and was 
amalgamated. The cadmium was fairly pure, and was covered 
with the electro-deposited metal. 


Electromotive Force of Cells consisting of the Metals immersed 
in Solutions of their Sulphates. 


J. Zine-Ti in, Sulphate Cell. 


Acell in which zinc in ‘5ZnSO,, 100 H,O is opposed to tin 
VOL. VII. Y 
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in ‘5SnSO,, 100 H,0, both solutions containing about 1°5 per 
cent. H,SO,, was found to have an E.M.F. of from *519 to 
-535 volt, the variation being due to two causes: (1) slight 
differences in the percentage of free H,SO,, and (2) differences 
in the condition of the surface of the tin plate. 

It is thus difficult to assign an exact value except between 
such limits; but with solutions of the above strength, and 
with a tin plate covered with freshly deposited tin, the value 
of +525 volt may be taken as a tolerably accurate average 
E.M.F. for this kind of cell. 

It would, of course, be unphilosophical to assume that an 
equality in the amount of free acid present in each solution 
has the same effect as operating with neutral solutions ; but 
being unable to employ a neutral solution of stannous sul- 
phate, the addition of an amount of sulphuric acid to the zinc 
solution equal to that present in the SnSQ, solution was con- 
sidered to be the fairest way of meeting the difficulty. 

Increasing the amount of free sulphuric acid in the tin solu- 
tion only has naturally the effect of lowering the E.M.F., so 
that with 5 per cent. H,SO, the H.M.F. is not higher than 
‘49 volt. 

Substituting a 10 per cent. solution of H,SO, for the zine 
sulphate, leaving the stannous sulphate unchanged, raises the 
H.M.F. to 596 volt. 

The effect of varying the strength of both solutions (keep- 
ing them of equal molecular strength) is the same in kind as 
that which occurs with the zinc-tin chloride cell, but is less 
marked. (See Zine-Tin Chloride Cell.) 

The heat of formation of stannous sulphate being unknown, 
it is impossible to compare the value *525 volt with deduc- 
tions from thermal data. 


Il. Tin-Copper Sulphate Cell. 

A cell in‘ which tin in -5SnS0,, 100 H,O is opposed to 
copper in ‘}CuSQ,, 100 H,0, containing from 1 to 2 per 
cent. H,SO, in both solutions, was found to have an E.M.F. 
varying from ‘56 to ‘572 volt, according to the condition of 
the surfaces of the plates and the acidity of the solutions. 
The effect of increasing the proportion of free H,SO, in the 
tin solution is to raise the E.M.F. of the cell, and it is, of 
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course, opposite to the effect observed in a cell in which zinc 
displaces tin. The increase of free sulphuric acid equally in 
both tin and copper solutions also tends (at least through a 
certain range up to 38 or 4 per cent.) to slightly raise the 
E.M.F.; and from this I conclude that with neutral solutions 
of the above strength, the value would not exceed, and would 
probably fall slightly below, *56 volt. Preference would 
therefore be given to the minimum value *56 instead of the 
mean value ‘566, 

Alteration of the strength of the solutions is complicated 
by the question whether such alteration involves a change in 
the percentage of contained acid or only of the salts employed. 
Increase of strength of the solutions as regards the salts only, 
is attended with a slight depreciation of the E.M.F.; but if 
the addition of more salt causes an increase in the acidity of 
the tin solution, the effect is to heighten the E.M.F., so that 
these opposite effects may equal each other, or one may 
exceed the other, according to their relative magnitude. 

Cells were set up in which tin in a solution of 20 per cent. 
H,SO, (sp. gr. 1:141) was opposed respectively to tin in 
*5SnS8O,, 100 H,0, containing 14 per cent. H,SO,, and to 
*5CuSO,, 100 H,0, and the following values obtained :— 


Tin-tin sulphate cell. . . . . «. ~. *058--062 volt. 
Tin sulphuric-acid-copper sulphate cell. °59 volt. 


(It will be seen that the last-mentioned cell does not exceed 
the tin-copper sulphate cell (°566) by an amount equal to the 
tin-tin cell, the lower E.M.F. being probably due to an ad- 
verse H.M.F. resulting from diffusion into the comparatively 
strong sulphuric-acid solution.) 

If the mean values assigned to the zinc-tin cell and the 
tin-copper cell are added together, they are found to exceed 
the zinc-copper cell, which they should theoretically equal 


(525 +°566=1:091—1:08=:011 excess). 


This result confirms the opinion that for neutral solutions 
the value °566 is probably too high for the tin-copper cell, 
and justifies the minimum value °56 being taken as correct. 
This still gives a slight excess 1-085—1:08=0-005, and in 
practice it is found that a zinc-tin cell and a tin-copper céll 

¥2 
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united in series actually give an E.M.F. slightly in excess of 
the zinc-copper cell. This difference may be due either to 
the different conditions of the surfaces of the two tin plates 
or to some less obvious cause; but as it has been found to 
exist on several occasions in different cells, it can hardly be 
a mere coincidence. 


III. Cadmium-Tin Sulphate Cell. 


A cell set up with cadmium in ‘5CdS0,, 100 H,0, opposed 
to tin in ‘5SnSO,, 100 H,0, both containing about 1°5 per 
cent. H,SO,; was found to have an B.M.F. of °189 volt. 

In order to compare the summation with the zinc-tin cell, 
a determination of the zinc-cadmium sulphate cell was made 
(using ‘5M’SO,, 100H,0), and it was found to have an E.M.F. 
of 335 volt. (The value given by Messrs. Wright and 
Thompson for the zinc-cadmium cell where m=*5 and: the 
solutions are neutral is *361, which, correcting for difference of 


standard, gives eee x ‘361= °349 or somewhat higher.) 


Adding together the values obtained we get *189+°335 
='524 volt for the zinc-tin cell, a result which shows a 


striking agreement with the average value previously given, 
viz. °525. 


The average E.M.F. of the cadmium-copper cell was also 
determined and found to be 744, Messrs. Wright and Thomp- 
son finding *753 for the same cell, which gives (a =) 
‘73 volt ; or, in other words, my value for the cadmium- 
copper is as much above, as my zinc-cadmium is below, their 
estimate, both values adding up correctly, 

73 +°349=1-079, 
and 
"744 + °335 = 1-079. 


This discrepancy is no doubt due to the fact that the solutions 
employed by me contained about 15 per cent. of free H,SO, 
in order to keep the conditions uniform with the tin cells. 
Subtracting the E.M.F. of cadmium-tin from that of cad- 
mium-copper, we get the E.M.F. of tin-copper, thus :— 


°744 —'189='555 volt ; 


FORCE OF CERTAIN TIN CELLS. 281 


which accords fairly well with -56, but is, as would be antici- 
pated, somewhat less. 


Cells the algebraic sum of whose E.M.F.’s should equal 
1:08, the standard Daniell. 


Zinc-tin-sulphate + tin-copper-sulphate. 
+ 36 


925 = 1:085. 
Zinc-cadmiumn = + cadmium-tin + tin-copper. 
335 a 189 + 66 = -1:084. 
Zinc-tin +  cadmium-copper — cadmium-tin. 
029 + 744 oe “189 = 1°(8. 


Electromotive Force of Cells consisting of the Metals in Solutions 
of their Chlorides of Equal Molecular Strength. 


I. Zine-Tin Chloride Cell. 

A cell set up with amalgamated zine opposed to tin in 
solutions of their chlorides of the strength ‘5 M’’Cl,, 100 H,0, 
containing 1 per cent. HCl, gave an E.M.F. of °544 to °553 
volt, mean ='549 volt. . 

Diluting the solutions equally with distilled water causes a 
rise of E.M.F. up to about *607 volt, but dilution with 1 per 
cent. hydrochloric acid causes a slight diminution of E.M.F, 
This and other facts render it probable that with this cell, 
and to a less extent with the zinc-tin sulphate cell, increase of 
solution-strength without increase in the percentage of con- 
tained acid is associated with a rise of E.M.F.; but that with 
a corresponding increase of acidity, with a fall of E.M.F. 
Thus it is that dilution with distilled water raises the E.M.F. 
not because the metallic salt is diluted, but because the free 
acid is more attenuated. 

Mutatis mutandis the same remarks apply to tin-copper or 
other cells in which tin is the metal attacked (7. e. with con- 
stant acidity and increasing strength of solution the H.M.F. 
falls, but with increase of both the H.M.F. rises, or does not 
fall). 

The heat of formation of zinc: chloride and of stannous 
chloride being known, the theoretical E.M.I’. is directly 


calculable. 
[Zn, Cl,, aq. ] = 112840. [Sn, Cl, aq. ] = 81140. 
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112840—81140=31700; half of which multiplied into 
4:32 x 10-5 gives -684 volt as the E.M.F. of zine displacing 
tin from solution of its chloride, and the difference between 
the observed and calculated value is 684 —°549 =-135 volt. Or 
to employ the terminology of Messrs. Wright and Thompson, 
—135 is the “ Thermovoltaic constant” for tin in solution of 
its chloride for certain strengths of solution (near ‘5 MCl,, 
100 H,0O). 

II. Cadmium-Tin Chloride Cell. 

A cell set up with electro-cadmium opposed to tin in 
solutions of their chlorides, -5 M’’Cl,, 100 H,O, was found to 
give an E.M.F. of :247 to *262 volt and an average value of 
*249 volt. The solutions used contained the same amount of 
free hydrochloric acid, namely about 1 per cent. 

The heats of formation being [Cd, Clo, aq.]=96250 and 
[Sn, Cl,, aq.] =81140 and their difference 15110 or 7555 per 
equivalent, the theoretical E.M.F. of cadmium displacing tin 
from dilute solutions of its chloride is °326. volt, and the dif- 
ference between this and the average observed value is *077. 

The E.M.F. of a zinc-cadmium chloride cell was also deter- 
mined and found to be between °291 and ‘308 volt, giving an 
average of 301 volt. ‘This is below the value given by Messrs. 
Wright and Thompson, owing to the solutions used by me 
containing 1 per cent. free HCl, they giving for this cell -329 


*329x 1° . 
=) ‘318 volt, allowing for 


volt, which becomes 
difference of standard. 

In reference to a point to which these authors* drew 
attention a short time ago, namely, that, although the heat 
evolved by displacing cadmium by zine in solutions +25 
CdCl,, 100 H,O is greater than that evolved by the same 
substitution in the case of the sulphates, yet the E.M.F. of 
the zine-cadmium chloride cell is materially less than that of 
the zine-cadmium sulphate cell, my measurements afford direct 
confirmation, as the value given here for the average E.M.F. 
of the zinc-cadmium sulphate cell is +335 volt and that for the 
zinc-cadmium chloride cell only -301 volt, or a difference of 
‘034 volt, substantially the same as the difference given by. 
them, viz. °035. 

” Phil. Mag. vol. xvii. p. 378 (May 1884). 
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III. Electromotive Force of Zinc-Tin Iodide Cell. 

A cell set up with amalgamated zine in ‘25 ZnI,, 100 H,O 
opposed to tin in ‘25 SnI,, 100 H,O, both solutions acidified 
with 1°5 per cent. of HI, was found to have an H.M.F. of from 
‘47 to ‘49, averaging °485 volt. 

There being no thermal data at my disposal no comparisons 
can be drawn. 


XXXI. Note on the Verification of Thermometers at the 
Freezing-Point of Mercury. By G. W. Wutrrin, B.Sc., 
F.R.A.S., Superintendent of the Kew Observatory *. 


Ir is not many years since the operation of freezing mer- 
cury was considered a scientific feat, and a party of gen- 
tlemen were invited to the Kew Observatory to assist at the 
performance of the operation by the late Mr. R. Adams. 
That gentleman - produced the solidified mercury by the 
action of ether upon carbonic acid in the solid form, and 
with his assistance considerable quantities of mercury were 
frozen, and a number of observations were made with care- 
fully constructed thermometers, which gave the value for the 
melting-point of mercury which has since been accepted as 
the fixed point. Prof. Balfour Stewart communicated an 
account of these experiments to the Royal Society, in whose 
publications they will be found (Phil. Trans. 1863, pp. 
425-435). 

Since that date the determination of the low-temperature 
fixed point of thermometers has become a regular operation 
in the verification department of the Kew Observatory, 
and some eight or nine dozen instruments are compared in 
melting mercury annually, most of them being destined for 
use in Canada and other cold countries. 

As the mode of making this comparison is not described in 
any readily accessible publication, we have frequently been 
requested to give an account of it, and have accordingly 
drafted this paper with a view of putting it on record. 

The carbonic acid in its liquid form is purchased generally 
of Orchard, of High Street, Kensington, in the well-known 


* Read November 14, 1886. 
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heavy iron bottles so familiar in lecture-rooms as recipients of 
compressed oxygen. A convenient quantity for the prosecu- 
tion of an experiment is 200 gallons of gas, which weighs 
about 3 lb. The quantity of mercury operated upon is from 
17 to 20 1b. By means of a common salt and ice freezing- 
mixture, the vessels, thermometers, mercury, and ether are all 
cooled down to about —10° C. beforehand. 

The collecting-box being applied to the nozzle of the gas- 
receiver, the valve is unscrewed and gas allowed to escape 
through the apertures in the handles of the box for about a 
minute, during which time about 550 grains of solid carbonic 
gas are deposited in the form of snow. 

The box being opened, the snow is removed with an ivory 
paper-knife and laid on the surface of the mercury previously 
placed in a wooden box well jacketed with felt. 2 oz. of ether 
is then poured over it, and the pasty mass forced under the 
surface of the mercury by means of a special wooden stirrer. 
The liberated gas and ether-vapour escaping through the 
mercury rapidly cool its temperature down, and a thin film 
of solid mercury forms on the top of the mass, which is 
immediately broken up by the stirrer. About six charges of 
acid snow and six fluid ounces of ether are usually necessary 
to convert the whole of the mercury into the finely granular 
mass of a pasty consistence. 

It is considered inadvisable to freeze the mercury into a 
solid state, as then it becomes necessary to take it out of the 
box, and cut it up with shears into small lumps before the 
thermometers can be inserted into it, an operation which 
entails great loss of time and frozen mercury. 

When the mass is in the semi-solidified condition the ther- 
mometers are plunged into it and allowed to fall to the 
requisite temperature—a well-verified standard being always 
placed in the bath at the same time and carefully watched 
during the progress of the comparison. 

As soon as this standard is seen to begin to rise above the 
lowest point, the thermometers are taken out, and an additional 
quantity of snow and ether forced into the mercury until its 
temperature is again reduced, and the feel of the thermometer 
shows it has regained the proper consistency. 

When the operation is properly and carefully performed, it 
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is found that the work ef comparison may be spread over 
from half an hour to forty minutes, a period which permits of 
more than 100 mercurial thermometers being read with the 
necessary exactitude. If the thermometers are ordinary 
alcohol or Rutherford minimums with large bulbs, only from 
thirty to forty can be compared at a time. 

The operation might be continued for an indefinite period 
were a sufficient supply of liquefied carbonic acid available, 
but at Kew we usually find the 200-gallon bottle, which, 
as already referred to, contains about 3 lb. weight of gas at 
sufficient pressure to afford snow, adequate for our purpose. 

The cost of the materials is as follows :—gas 19s, 2d; ether 
1s. 2d. 

We do not wish to claim any credit for the process above 
described, but only to bring before the Members of the Society 
a description of our modus operandi as a matter which may 
perhaps be of a little interest to some of them. 


XXXII. Note on the Calibration of Gulvanometers by a 
Constant Current. By T. MATHER, Assistant in the Physical 
Department, City and Guilds of London Central Institution*. 


THE principle of the method to be described consists in 
measuring the turning moment exerted on the magnetic 
needle of the galvanometer by a constant current, when the 
needle and coils are in different relative positions. 

Suppose the galvanometer is placed in any position in a 
uniform field, and that a suitable current be passed.through 
it, which current we will take as our wnit current. The needle 
will take up some position of equilibrium, say, at an angle 
D to the magnetic meridian, and at angle @ to the zero of the 
scale (fig. 1). 

When in this position, the controlling couple is :: to 
sin D ; and since this is balanced by the deflecting couple due 
to unit current, we see that this couple due to unit current, 
when the needle points to @ is also :: to sin D (fig. 1). 

But in the ordinary use of the instrument the line of zeros 


* Read November 28, 1886. 
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Fig. 1. 


H 


is in the magnetic meridian, and when the needle is deflected 
through angle @ the controlling couple is :: to sin@. Hence 
the current required to produce this deflection @ when 

: : : . sind 
the galvanometer is used in the ordinary way, is =p 
For the currents must be proportional to the controlling 
couples, since the relative positions of the needle and coils 
are the same (fig. 2). 


Fig. 2. 


This being true for any deflection, the calibration-curve is 
sin 0 
sin D’ 

Of course the same strength of current must be used in 
determining the different values of D. 

To measure the angle D corresponding to any 0, we have 
merely to break the circuit and observe the angle through 
which the needle moves before coming to rest in the magnetic 
meridian. @ is read off directly on the scale of the galvano- 
meter when the current is passing. 


Below are appended the results of a calibration obtained by 


got by plotting @ and 
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this method, for which I have to thank Mr. Kilgour, a student 
of the Central Institution, who made the observations :— 


Q. D sin 9 
‘ sin D’ 
10 348 4804 
20 35°3 *592 
30 322 "938 
40 29-2 1318 
50 25:0 1-813 
60 19:2 2°633 
70 12:9 4209 


sin 6 
If @ and =D be plotted, we get the calibration-curve for 
that particular galvanometer (fig. 3). 


Fig. 3. 
45 
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In the foregoing Table the values of @ are integral numbers 
of degrees; but this is not at all necessary, for no fine 
adjustment, such as is required with sine-galvanometers, need 
be attempted. All that is needed is that the position of the 
needle, as indicated on the scale of the galvanometer, should 
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be accurately noted before breaking the circuit to observe the 
corresponding D. 

The method described above may be utilized as a ready 
means of testing whether a galvanometer, whose law is sup- 
posed to be known, does actually conform thereto. For if the 
law of the galvanometer is C=/f(6), then, on plotting /(@) 

sin 8 
sin D’ 
In the case of tangent-galvanometers, where /(0) =k tan 0 


(k being a constant), we have to plot wal and tan @ (i.e. 


sin 0 
cos 6 
if we plot sin D and cos @, we should get a straight line if the 
galvanometer be really a tangent one. 

About the law of sine-galvanometers there can be no 
question if the controlling field be uniform ; and herein lies 
one great advantage of sine-galvanometers. 

In ‘“ proportional” galvanometers, where the deflection is 
supposed to be proportional to the current, the curve obtained 


and a straight line should result. 


). Thus sin 6 is common to both variables ; and hence, 


by plotting @ and ee should be a straight line ; or 


sin 6 
Aeh constant, 
if calculation be preferred. 

It may be pointed out that, by choosing our unit current 
such that the maximum value of D is nearly 90°, the method 
admits of great sensibility. 

The quantity of apparatus required to perform the calibra- 
tion is reduced to a minimum, nothing but the galvanometer 
and a suitable current-generator being needed. 

As described above, the angle D is measured by breaking 
the circuit and allowing the needle to come to rest in the 
magnetic meridian. This requires some time, if the needle is 
not dead-beat, and the observations could be greatly facilitated 
by the use of a fixed divided circle or pointer, by which D 
could be read off simultaneously with @ without breaking the 
circuit. If so arranged, the whole operation could be com- 
pleted in a few minutes ;*but as the method is chiefly 


ON SOME THERMODYNAMICAL RELATIONS. 289 


characterized by the fewness and simplicity of the apparatus 
required, it was thought undesirable to mar that simplicity by 
the addition of something not essential. 

In conclusion, I desire to thank Professor Ayrton, Ee. 
for his kindness in suggesting the simple way of describing 
the method adopted in this note, and also for the statement of 
a problem which’ led to the results herein stated, 


XXXIII. Some Thermodynamical Relations.—Panrt I. 
By Witttam Ramsay, Ph.D., and Sypney Youne, D.Sc." 


Tue relations to be considered in the following pages are, 
we believe, well founded; but we hope to confirm them by 
more exact experiments than have as yet been made. 

It appears advisable here to state the share which each of 
the authors has had in this work. For our purpose, the 
equation 

L dp t 
Se ey 
will be employed. The relations of the first term of this 
equation were the subject of a communication to the Chemi- 
eal Section of the Philosophical Society of Glasgow in the 
year 1877 by Dr. Ramsay, which, however, he considered too 
incomplete to be published ; while the application of the last 
term of the equation to the vapour-pressures of substances, 
which formed the subject of a joint research by both authors, 
was independently discovered by Dr. Young. It is also right 
here to mention that some of the relations discovered by Dr. 
Ramsay have been pointed out subsequently and independently 
by Trouton (Phil. Mag. 1884, vol. xviii. p. 54). 


The term (where L represents the heat of vaporiza- 
2 ime Sd 


tion of a liquid or solid substance at its boiling- or volatilizing- 
point, and where s, is the volume of the liquid or solid at 
these temperatures, and s, that of the gas into which one or 
other is converted), if stated in words, denotes the heat 


* Read November 28, 1885, 
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expressed in units required to produce unit increase of volume 
of substance at the temperature of ebullition of the liquid or 
volatilization of the solid. 

Two laws have been discovered, representing certain rela- 
tions between different liquids. 

The first law may be stated thus :—The amount of heat re- 
quired to produce unit increase of volume in the passage from 
the liquid to the gaseous state at the boiling-point under normal 


pressure is approximately constant for all bodies; or 
8] — 8g 


The data on which this law is based are imperfect. The 
heats of vaporization of but few bodies have been determined 
with accuracy; and we have recently shown in a communica- 
‘tion to the Royal Society that the results obtained by Favre 
and Silbermann, by Regnault, and by Andrews for ethyl 
alcohol are only approximations to truth, It is probable that 
the data given for other substances less easy to obtain in a 
pure state are still less to be relied on. We have also shown 
in that paper that the density of saturated vapour of alcohol 
is normal, or nearly so, only at temperatures below 50°. 
Nevertheless, in calculating by means of the above-mentioned 
formula the constant for alcohol, it has been assumed that the 
saturated vapour of alcohol possesses normal density at 78°4; 
and from want of knowledge it has similarly been assumed 
that at their boiling-points the saturated vapours of the other 
liquids to be considered have also normal density. It must 
therefore be acknowledged that considerable doubt rests on 


both the expressions in the term and this doubt pre- 


81— 8)” 
vented the previous publication of these relations ; but it will 
be seen in the sequel that the much more trustworthy deter- 
minations of vapour-pressures amply confirm the law which 
has been stated, 

‘The following table exhibits these relations at normal pres- 
sure :— 
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SS ee eee ee 


Substance, $,—8,. L. i rs 
8,—5, 
Wis tetmeects t,t 1695 537 0°3166 
Methyl alcohol ......... 865-9 263°7 0°3046 
Ethyl alcohol............ 624-7 202-4 0°3240 
Mthyiloxde sees 322°3* 90°5 02808 
Methyl formate.;....... 417-1 inal 0:2808 
Methyl acetate ......... 362°5 {10:2 0°3040 
Ethyl acetate............ 3823:0 92-7 0:2870 
Ethyl oxalate ......... 256:2 72-7 0°2835 
Amyl alcohol (?) ...... 3755 121-4 0°3238 
Acetic acid............... 318-0 101-9 0:3204 
Benzene vase et ck. 70°6 92:3 0°2491 
(Bromine aac cose 169-2 456 0:2695 
Phosphorus chloride.. 209°5 51-4 0°2453 
Carbon disulphide ... 843°3 86-7 0°2526 
Methyl iodide .......... 1815 46:1 0°25389 
Bthyl iodide... .0.. 180°5 46-9 0:2598 
Ethyl chloride ......... 3619 100°1 0:2767 
Carbon tetrachloride . 186:3 469 0-2515 
Chioroform 4.55,.4..+0.. 229:1 61-2 0:2673 
Mercury: -pecteeyscees-. 258-0 775 0:3004 
Nitric peroxide ......... 309°6t 93°48 | 0-3019 


It will be seen that these numbers vary between 0°2453 for 
phosphorus chloride and 0:3240 for ethyl alcohol. The alco- 
hols, water, and acetic acid give all nearly 0°32 ; and benzene, 
and bodies containing halogens and sulphur give lower num- 
bers, averaging 0°2564. 

The sequel will show that these numbers cannot be regarded 
as experimental deviations from a constant; but that they 
have significance can hardly be denied. It would also appear 
that the nature of the element in the compound, and its 
amount influence the absolute value; though the nature and 
extent of this influence can hardly be formulated. 

The second law is :—Jf the amounts of heat required to pro- 
duce unit increase of volume in the passage from the liquid to 
the gaseous state be compared at different pressures for any two 
bodies, then the ratio of the amount at the boiling-point under a 
pressure p, to the amount at another pressure Po, is approai- 
mately constant for all liquids. 

Or, at 

81— 89 
for all liquids, and probably for all solids. 
* Determined by Horstmann, Annalen, 1868, Suppl. vi. p. 64. 


t+ Determined by Ramsay and Young. + pup 
t Density taken as 89 (H=1) as an approximation. 


at 1, bears a constant proportion to at Da, 
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In support of this statement the facts to be adduced are as 
follows :— 


Water. Chloroform. 
a L L 
Pe $,—8,. } $,—S, 2 
mms. Te ccs. L. $,—S, T. ccs. L. 5,— 5, 


§52:1 | 07187 || 35-0 | 585 | 6465] 0-121 

760 | 100-0 | 1695 | 536°5 | 0°317 || 61-0 | 229 | 61-2 | 0-267 
1000 | 107-1 | 1813 | 531-5 | 0-405 || 69:3 | 178 | 60-4 | 0-339 
2000 | 129:°3| 695 | 515-6) 0°742|| 92°55 | 95:3] 58-2 | O-G11 
3000 | 1433} 479 | 505-7) 1:055 || 1085 | 663] 56-6 | 0-854 
4000 | 1542} 3869 | 497-7] 1350 |} 121-0 | 51-4] 55-4 | 1-079 
5000 | 1628} 301 | 491-6] 1633) 131-0 | 421] 545 | 1:294 
6000 | 170°1 | 255 | 486-1 | 1°906 |) 140°0 | 359] 53-6 | 1-493 
7000 | 177-0 | 222 | 481-3] 2°168 || 148-0 | 31:4] 52°8 | 1-684 
8000 | 1829 | 197 | 4770 2424 1550} 27-9) 52:2 | 1871 


300 | 76-4 | 4022 


The ratios, placing : a — at 300 millims. pressure = 1:0 for 
81 — 89 


each substance, are :— 


Pie eee 300 760 1000 2000 8000 4000 5000 6000 7000 8000 
Water ......... 1:00 2°30 2°94 540 768 9-81 11°88 13°86 15°77 17-63 
Chloroform... 1:00 2:22 2°81 606 7:07 894 10°72 12:38 18-96 15-51 


Another method of comparison is to regard the value of 


- for water as equal to unity at each pressure, when the 
8 oo 
l 2 


numbers for chloroform become 

1:00 0-962 0953 0938 0-922 0911 0-903 0-893 0-885 0°850. 
Similar results may be obtained on comparing other bodies 
with water; it may be, however, remarked that the instance 
chosen is one of those in which least concordance is to be 
noticed. It is evident that here also the concordance is 
merely approximate. 

Another point worthy of notice is this. The heat of 
vaporization is expended in at least two channels :—it pro- 
duces expansion against pressure, thus doing external work ; 
and it is partly expended in internal work on the molecules 
of the body. Now it follows from what has preceded that 
the internal and total work bear an approximately constant 
proportion to each other for any one pressure, whatever be 
the liquid. Thus at a pressure of approximately 760 millims. 
the ratio of external to total work is shown as follows :— 
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Total work, 

Substance. Hstornsl voce Substance, ee erernn “Miia 

B : J 5 : External work. 
EOMMING Heseaecietes totes 11-09 Kthyl acetate ............ 11:81 
Phosphorus chloride ... 10:09 Ethyl oxalate ............ 11-67 
Carbon disulphide ...... 10:39 Amyl alcohol ............ 13°32 
Methyl aleohol ......... 12-53 Ethyl chloride w........, 11°39 
Ethyl alcohol ......... 13:33 Benzene). hy... 10-28 
*Ethyl oxide (ether) ...... 11-55 Chloroform \21-..0./...4 ~ 10:99 
Water Geohienwonresseeni ones 13-02 , Carbon tetrachloride ... 10-35 
Methyl iodide ............ 10:45 Mercury ...... Sor per eae: 12:36 
Ethyl iodide............... 10-69 *Nitric peroxide AF SARE Act 12-42 
Methyl formate ......... 11:55 pemeacetic acid stay .perensth 0119-118 
Methyl acetate............ 12°51 PEALE ta ee eee 13-02 


* Vapour-density found at a few degrees above boiling-point. 


_dp 
81-8, dt 
mately known for a number of substances. But before com- 
paring them it is necessary to reduce the pressures which 
have been given in the previous part of this paper in milli- 
metres of mercury, to grams per square centimetre. The 
comparison has been made for water, with the following 
results :-— 


In the equation 5 , both terms are approxi- 


Pressures, in rf dp t 
ee —S, das 
O00 Tee see PONS 7 | O-1395 
LOG = Seren 0405 ' 0-414 
DOT Tce meee OTA 0:770 
CUOUTe re -a 1055 lad 
DU00 2 88 .491-68a 1-743 


The non-equality of these numbers may be ascribed to 
various causes : want of accuracy in experiment, most pro- 
bably in determination of the heats of vaporization, and the 
assumption that the density of the saturated vapour of water 
is normal at high pressures, are among the most likely. 
With such results for water, it was thought unnecessary to 
compare these terms for other liquids, where the constants 
are probably less accurately deterinined. These numbers, 
however, suffice to prove that the relations pointed out in the 
first part of this paper, although derived from observations 
and assumptions not always trustworthy, agree fairly well 
with those deduced from the vapour-pressures, which have 
been determined with a high degree of accuracy. 
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We now proceed to exhibit the relations between the 
vapour-pressures of various liquids. The constants of the 
bodies considered were determined by Regnault, Olszewski, 
Naumann, Isambert, Moitessier and Engel, and by ourselves. 

If a curve be constructed to represent the relation of tem- 
perature to pressure for any substance, and if tangents be 
drawn to touch the curve at various points corresponding to 
certain temperatures, these tangents will give the rate of 
increase of pressure per unit rise of temperature ; in other 
words, the value oe for those temperatures. 

If we- construct curves for a number of substances, and 


determine the value of Ba for each of them at the same tem- 


perature, it is clear that the values obtained will differ widely, 
and will be greater for volatile substances than for those 
which are less volatile. But if we determine the values of 
dp 
dt 
but at the-same pressure, the conditions under which the 
comparison is made will be more similar, and the resulting 
values may be expected to differ much less. 

In the calculation of the vapour-pressures of a number of 
substances for each degree between certain limits of pressure, 
it became evident that at any given pressure the rate of in- 
crease was generally, though not always, greater for the 
volatile substances than for the less volatile. 

It was found that the product of the absolute temperature 


for the same series of bodies, not at the same temperature, 


‘ . d 
into the rate of increase of pressure 3 . ) at any given 


pressure was approximately the same for the bodies examined 
but the differences were evidently too great to be ascribed ic 
errors of experiment or of calculation. That this product 
should be approximately the same for different substances 
might perhaps be anticipated from the following considera- 
tions :—If there are two bodies, the absolute temperatures of 
which must be raised to 200° and 400° respectively, in order 
to produce a certain effect, the same for both, it might be 
expected that a further rise of temperature of 1° would pro- 
duce a greater effect on the substance whose temperature was 
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200° than on that at 400°; for the rise of temperature in the 
first case is greater in proportion to the temperature to which 
the body has already attained than it is in the second, the 
rise in the one case being from 200° to 201°, and in the other 
from 400° to 401°. The rise of temperature would perhaps 
rather be proportional if the temperature of the hotter body 
were raised from 400° to 402°, or if the rise of temperature 
in each case were made proportional to the absolute tempera- 
ture. In order, then, to make the conditions as similar as 


possible in the calculation of the value of for different sub- 


stances, the magnitude of the unit degree of temperature 
should be made to vary in the same ratio as the absolute 
temperature of those substances, corresponding to the par- 
ticular pressure at which they are compared ; or, in other 


; ¥ d 
words, keeping the unit degree constant, the value - should 
be multiplied by the absolute temperature ¢. 


The values of 2 . € were determined for a number of liquids 
at several different pressures ; and it was found that the pro- 
ducts obtained for different stable substances at the same 
pressure were always approximately the same, whatever that 
pressure might be. Thus at a pressure of 400 millims. the 
following values were obtained :— 


Carbon bisulphide. . 4436 1:000 
ICGNOL uceay Wee: ole OO TO 1°324 
Chlorobenzene. . . 4724 1:065 
Bromobenzene. . . 4703 1:060 
PATINING) 29 a sone of MDL 24 1155 
Methyl salicylate . . 4959 1:112 
Bromonaphthalene . 4930 1111, 
Mercnryen ue ds. us) 24612 1:085 


This may be better seen by making one of these values 
equal to unity, and reducing the others in the same ratio. 
The second column is thus calculated. 

Repeating this operation at another pressure, a second series 
of values was obtained; and these were reduced in’ the same 
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way. It was at once noticed that the reduced numbers at the 
new pressure were identical within the limits of error of expe- 
riment and calculation with those at the first pressure. 

The calculations were therefore continued so as to include 
the widest attainable ranges of pressure, and at every pres- 


sure the value of a .¢ for one substance was made equal to 
¢ 

unity; and the others reduced in the same ratio. The values 

of oF for water were made =1, because the vapour-pres- 


sures of this substance have been determined by Regnault 
between wide limits of temperature with very great care; but 
it was noticed that the values for both water and alcohol were 
very much higher than for the other substances examined ; 
and a similar comparison was therefore made by taking the 
values for carbon bisulphide as equal to unity. 

It was then found that for pressures ranging between 150 
and 1500 or 2000 millim. the reduced values for each substance, 
with the exception of mercury, were very nearly constant 
for all pressures. 

In the case of alcohol and water, employing the vapour- 
pressures of water as determined by Regnault (.Wéinoires de 
V Académie, vol. xxv.), and of alcohol as determined by Ramsay 
and Young, the ratio of the values s .¢ was seen to be the 
same at pressures between 150 and 20,000 millim. 

Two methods of calculation were adopted. In the first and 
more accurate method the vapour-pressures for each degree 
were calculated by the method of differences; and from these 
numbers the value of e at any pressure could easily be calcu- 
lated with very small error. The time required by this pro- 
cess is very great ; and it was only adopted in the case of 
water, for which the pressures for each degree between —32° 
and 230° have already been calculated (Balfour Stewart, 
‘ Treatise on Heat’), and of carbon bisulphide, alcohol, chloro- 
benzene, bromobenzene, aniline, methy] salicylate, bromonaph- 
thalene, and mercury between certain limits of pressure, 


generally 150 or 200 to 700 millim. (Ramsay and Young, 
Chem. Soe. Journ. 1885, p. 610). 
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In all other cases tangents were drawn to touch the vapour- 
pressure curves at points corresponding to definite pressures, 
several curves being required for each substance on different 
scales to admit of this being done. With care, this method 
yields fairly satisfactory results. 

Tt has been mentioned that the identity of the reduced 
numbers for any one substance holds at pressures ranging 
between about 150 and 1500 to 2000 millim. At lower pres- 
sures it is much more difficult to determine the values of = 
with accuracy, and the influence of experimental errors is 
greater. Moreover, it has been necessary provisionally to 
adopt the method of tangents for all substances except water 
and carbon bisulphide at low pressures ; and it is doubtful, 
therefore, whether much confidence is to be placed in the 
values at pressures below 150 millim. 

As regards high pressures, with the exception of alcohol all 
the substances have been investigated by Regnault ; and it may 
be worth while to mention one or two facts which appear to 
throw some little doubt on the accuracy of some of his determi- 
nations at pressures above 2000 or 3000 millim. In vol. xxvi. 
of the Mémoires de V Académie Regnault gives the vapour- 
pressures of a large number of substances for each 5°, calcu- 
lated from his empirical formule. Many of these series have 
been examined by the method of differences ; and it has been 
found that in several cases the numbers forming the third set 
of differences increase slowly up to pressures of from 2000 to 
3000 millim., but decrease at higher pressures. This is 
notably the case with alcohol; and it has been shown by 
Ramsay and Young, in a paper read before the Royal Society 
in May 1885, that the higher vapour-pressures of this sub- 
stance as determined by Regnault are too low. It has also 
been pointed out by Vincent and Chappuis (Compt. Rend. 
vol. c. p. 1216) that the vapour-pressures of methyl chloride 
above 7 atmospheres are much higher than those calculated 
from Regnault’s formula, the difference at 140° amounting — 
to no less than 11°3 atmospheres. 

Where this decrease is observable in the third set of differ- 
ences, it seems therefore justifiable to doubt the accuracy of 
the results at the higher pressures. 
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It may be stated in conclusion:—(1) That the values of 
24 ¢ are approximately the same for all stable substances at 
the same pressure, but that the differences are real, and are 
not due to errors of experiment or calculation ; and (2) that 
the rate of increase of this value oi .¢ with rise of pressure is 
the same for all stable bodies, at any rate for pressures between 
150 and 2000 millim., while for alcohol and water it is the 
same for all pressures between 150 and 20,000. 


In the tables which follow, the values of oe t (absolute 


d : : 
temperature), and - .¢ are given for a number of stable 
¢ 

substances at definite pressures, also the reduced values of 
d : satis 
ae. t, that for (1) water and (2) carbon bisulphide being made 
=1-000 at each pressure, the values for other substances at 
the same pressure being reduced in the same ratio. 

The second series of tables contains similar data for several 
substances which dissociate more or less completely on their 
passage into the gaseous state. It will be seen that for such 


: .d : 
bodies the values of .¢ at any pressure are considerably 
( 
higher than for stable substances at the same pressure. 
The initial letter of the name of the observer of the vapour- 


pressure of each substance is given in the table containing the 
dp : _ 
values of a at the foot of the vertical columns. R. stands for 


Regnault, R.and Y. for Ramsay and Young, O for Olszewski, 
N. for Naumann, I. for Isambert, M. & E. for Moitessier and 
Engel. 
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Absolute Temperatures (#) of various Stable Substances corre 


Carbon 
CS,. 


Pressure in 
millims. 
bisulphide. 


we eeee 


aeeeee 


Ethyl iodide. 


C.H,I. 


Ethyl 
chloride. 
O,H,Cl. 
Carbon 
tetrachloride. 


Cel, 


tenner 


Bromo- 


Chloro- 


benzene. 


8435 
3539 
361'8 
373:7 
882'8 
890°2 
8965 
402:0 


weeeee 
eeeee 
seeeee 
ener 
weeeee 
tenes 
see kee 
seeeee 
eeeeee 


C,H,Cl. 
Chloroform. 
CHCl,. 


208°0 
307°7 
815:0 
821-0 
326°2 


| 880°9 


334'8 
3383 
341°7 
355'1 
865°5 
381'3 
404-2 


Ethylene. 


C.H,. 


668:0 
683°7 
696'1 
707°0 
7161 
7246 
7320 
739:0 
763:0 
788:2 
820°8 


Bromo- 
naphthalene. 
C,,H,Br. 


Methyl 
salicylate. 


405'5 
424:3 
436°4 
445'5 
4595 
47005 
478°7 
486:0 
492'4 
498:1 


eeeee 


eeneee 


teteee 


a heeee 


O,H,0,. 


sponding to Definite Vapour 


C,H,NH,,. 


Aniline. 


yl 
ol. 
CH,OH. 


Meth 
alcoh 


-pressures. 


bo 
Se 
aah 
fs) 


Water. 
H,0. 


Ethyl alcohol. 


284°3 
311:3 
824°7 
333°1 
339°6 
348'9 
356:0 
3617 
366'5 
370°7 
374-46 
3877'8 
880'85 
393:2 
402'5 
4165 
435°35, 408°3 
465°65) 435°7 
485'3 | 453°5 
5005 | 467°1 
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3800 


ressure in 
millims, 
Carbon 


ay 


A eae 
& 
3a Bea 
BO (a e8. 
or} \ 
a e~5@) 
Soave 2°86 
4:52) 5:19 
6:28) 7:15 
8:00} 8:80 
11:03} 12°25 
14:08 | 15:47 
vee | 18°86 
deren 21°65 
scares 24°39 
eee 27 
ea 29°70 
Shor . | 32°45 
sack || 44°20 
Bite 55-00 
Scans 75°10 
Sern LOS Oo 
R. R. 


S 
Bees se 
Sopris 3 io) 
Bar & 

o {oe ] ~ 

& 
ze 2:57 
eee os 4:52 
7:64| 6:30 
9:94] 8-07 
13°45 | 10°99 
16:94] 13°68 
20°08 | 16-90 
22:90 | 19°50 
26°91 | 21°47 
29°17 | 23-94 
32°47 | 26-28 
35°12 | 28:33 
48:25 | 38:28 
60°90 | 48°75 
83°80 | 65°90 
119-80 | 96°62 

R. | &. 


Ya110Uus OLaAUIC OUDSlLANCes al Vetinite Cressures. 


uO |o Sh 
oO A oo, 
=m |2 sk 
Ao" A 20 
pees 2:13 
501) 883 
718} 519 
9:21) 6°59 
12°67} 9°24 
16:33} 11-60 
18°91} 13°85 
22:30] 15°90 
25:45 | 18°05 
27°58 | 19:95 
SOD auc 
ede Fil ceeaes 
4D Ul cms. 
Des hie 
TBOU I vetase 
LUGOO | recacs 
R. 


Chloro- 
benzene. 


C,H,Cl. 
Chloroform. 


CHCl. 


R.&YIR. &Y)| RB. 


R. 


e. 


O,H,. 


Etbylen 


ge 
* eCT--) 
3 Se oh 
‘Aoi [2s 
3B IRBo 
Bras 
vee 412 
idepwa 5°24 
5°62] 7°38 
712} 9°40 
8°71} 11°35} 
997} 13:10 
11°33 | 14°75 
12:75} 16°35 
OOD poezes 
TD16 48-2 
A621) cases 
WIT) ovine 
SD'SD | aes0-- 
R. IR. &Y 


im FO & 5 <8 
Bad] $2 E38 
© By] ser {3 oa 
Azo) ah |eao 
rei vaiy., cesar 0°738 
1:93] 2°00} 3°04 
3°49| 3°77| 5-48 
4:65| 5°38] 7-43 
6:05) 676] 954 
8:30} 9°41} 13°40 
10°55| 11°80} 17-16 
12°65} 14:10} 20-56 
14°63] 16°30] 23°71 
16°50| 18-40} 27-41 
18°40} 20°40} 30°63 
ace | Wee 33°25 
apiece | iseeees 36°68 
Ricteee,|||, eaters 50°52 
ee haere 65°39 
ovasian [Meer eee 88:57 
oe ety tl iP a te 13424 
R.&Y.IR.&Y.| BR. 


wr 
S 
nS) 
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Values of e .1 (where tis the absolute temperature) for various Stable Substances at Definite Pressures. 


as 3 
Ea gs & 
52 = "en 
p41 Se 
Ay a 
OKO Hea 
50 675:°7 
100| 1280 
150} 1839 
200| 2373 
300} 3430 
400| 4436 
500| 5417 
600} 6361 
700| 7317 
800} 8235 
900} 9281 
1000 | 10102 
1500 | 14507 
2000 | 18469 
8000 | 26056 
5000} 41128 


C,H,I. 


o 
4S 
oO 
= 
= 

B 
a 
| 


Ethyl bromide. 
C,H,Br. 


Ethyl chloride. 
C,H,Cl. 


Carbon 
tetrachloride. 
CCl,. 


“722 
1338 
1915 
2510 
3537 
4580 
5684 
6669 
7446 
8403 
9330 

10170 

14470 

18783 

26564 

41344 


C,H,Br. 
Chlorobenzene. 


Bromobenzene, 


1395 
1946 
2525 
3657 
4703 
5724. 
6678 
7688 
8602 


C,H,Cl. 


Chloroform. 
CHC1,. 


2575 
3646 
4772 
5829 
6850 
7862 
8812 
9709 
10846 


. {15191 


19364 


. |27813 
... [42320 


wt eeey 


serene 


Sulphur. 
8. 


3 
5 + 
gages] 
SO 
=I 
ea 


3627 | 3754 
4920 


Bromo- 
naphthalene. 


O,,H,Br. 


| 


By 
= 
3 

a 
al 

b 
aq 
~ 
2 


ol kl a 

oO ) 
a alr, || Es 
teh ous 

o| 
<5\4 
=| 


late. 


seeeee 


eeeee 


seeewe 


CH,OH. 


2 


Water. 
H,0. 


184°8 
840°5 
1607 
2315 
3016 
4361 
5660 
6908 
8136 
9379 
10522 
11825 
12949 
18567 
24070 
34736 
54482 
100250 
142680 
182680 


C;H,OH. 


| Ethyl alcohol. 


| 


183 
853 
1642 
2403 
3155 
4541 
5873 
7197 
8567 
9845 
11094 
12595 
13827 
19718 
25179 
35970 
56460 
103870 
148480 
190770 
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Reduced Values of op . t, that for Water being made =1:000 at each pressure, and the values for other 


sje nee at the same pressure reduced in the same ratio. 


: 3 é , 3 3 ; ; a EF 
eee be ae bn eal Repel «| eohee facie lees a 
gO | Su Bo ere gies 6 Ria Nj 5 ,| ; gs kins al ¢ os 2 0 SB 
gq Pt -oey tre Ee 2°, Zee 5 2 EA go. es 2 tb 23 te Ba eS. fe a5 go. 89 
3 (8s°| so | S| cH iae0/ 25 | 2 | 22) ba) ER so) So [eSRS Ss Earl ce | ee | oe 
Pe o.8 a EO Zo Be O| 50 <9 s° lg ee n Aas gO “3 2° aS 
RP (a |A 4 a Bae ie A = a 
‘ . 754 Ae 024 
100 | *796 849 863 eater 1007 
th jie sul 812 a ‘972 
7 08 820 B63 ‘977 
800 | ‘787 “806 832 867 ‘976 
ioe dks ps 869 ‘871 982 
: yee 67 “980 
600 | “782 SIL = 813 73 
700 | -780 ‘B04 ie 864 *987 
800 | ‘783 . | ‘818 eer . "864 ‘993 
900} *785 | ...... | "794 paseee WT OL leaseass “968 
1000} -780 |...... | ‘801 Seetee SOOO ell aepest 972 
BOG «7 SLs focal poe Pissed OAL Woven 
2000 | -767 “785 "BO0\1|) aadues 
38000 | -750 “T74 "B56" | sss. 
5000 | °755 758 Sree atenke 
LO OUO ie exe Sasa tl heer ese te con ame aera dll Siateremeel | Meigaecean eases coe koe cteh, |e attests ante otto Bl acto 
15,000} ..... Mirae 
20,000 teense tee eee eereee | weweee | teeene eet eee 
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Reduced values of ~ . t, that for Carbon-bisulphide being made = 1-000 at each pressure, and the 


values for other substances at the same pressure reduced in the same ratio. 


; | S | ; rc 
A. 3 ae ees ales pelle pe perat iy cron et = 3 & Tevet eal ey Great recs Ach th Baie 
. ae ay J) idea somata Bp s) eo} oo 525 Fay ae? & =i 3s Sef ee si or gach es | hy of 
BEE 22 Ee Pee eelee8| Su [2 sas oe SS | Sah | SAL] eu [Beige] 23 eso] 20! <2 
a To a cat ma? I OL ra als 5 + tc! co © S0 '3 as =) | & } a) t ft 
g 62 |G 2°| BS RESP SUS Bo Ao AsoO 80] 80/5 B- |a |Radiago an a-a5 Ss oe 
< Ay 2/3 8 5 S Q 
a TOC sesees mca | Reeeerie jeer BP ee eee loreal t recht Mencocten | Acar 
re) 50 | 1:000 peewee | O98S. (dae sere UhOOW LONE Si cate LORS 
= 100 am Sees eal HELO? soosee | L157 | 1157 | 1264) 1256) 1-283 
= 150 a seoege |) 170851) 1-022) 22... || 10891104 || T1892 || 1-299) 1-259)) 1-307 
a 200 1:085| 1:046| 1:043] ...... | 1097 | 1:186) 1175] 1:242) 1-271} 1-329 
Z, 300 1:063| 1:064} 1:057| 1:094} 1:103} 1:112] 1:165) 1:241| 1-271] 1-324 
al 400 * 1:076| 1-085} 1:109) 1:097} 1:111} 1:118] 1-155] 1:253) 1°:276!| 1:324 
500 * 1:076)) 1-098) ceec.. | LLL9) VeltO ESI) DSO MT -250)) e275 1329 
s 600 a5 1:077| 1-111] .%.... | 1108] 1:117| 1118] 1:149} 1:244} 1-279! 3-347 
700 06 1:075| 1:116] ...... | 1:109} 1:108] 1110} 1:142| 1:265} 1-282} 1-345 
q 800 _ 1:070| 1:122] ...... | 1122] 1:104] 1:113] 1-188) 1-269} 1-278) 1-347 
i 900 on 1046) | T0961) Sense ull dLOOI ccvcen| mes ceneg Meoneaee fabsooe Ime paula 7 
is3] 1000 A L074) E128 eee |) Uel09 |e. seeeee | 1246] 1:282) 1°369 
a 1500 rs 1-047) 1:135)| 222..2-| 1-085) 5... seweee | 17250) 1280) 1:859 
n 2000 + W049) rence soneeoe ale LL 22a cectll Wrecesr lioness umd GOO Ico mie sha 
3000 re : eposren |) Wea eee soweee | 1°292] 1°383) 1°380 
5000| ,, CEs ee weve | 1:299| 1:325| 1-373 
10,000 | 
15,000 | 
20,000 


AT} 
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Values of ps for various Dissociable Substances at 


definite Pressures. 


Chloral methy]l- | Chloral ethyl- 


Nitrogen Ammonium Ammonium, 5 
thle pou chloride. | carbamate. | aero Sah, 
‘|"'N,0,. | NH,CL. | CO,N,H,. | Ccl, CH { OCH, CClsCH { OG.H,. 
a ae Sis dh ————— ee 
10 = soy hel ORG Pee be Sree 
50 oes 1°91 3-75 2-97 2°94 
100 52 | 3°63 7-02 5:46 5-47 
150 root hk ar 4:98 10:13 8:26 791 
200 A Tes! 6°26 12-71 10°23 10°17 
300 156 8:39 18°57 14:33 14-08 
400 20-47 | 1074 | 23:48 19°30 18:06 
500 pes ag 13°25 | ree ae ty 5 ONS 22°34 
600 coe ee LOL OT 
R.and Y. R. and ¥Y.| N., L, R. and Y. R. and Y. 
and | 
M and E 


Absolute Temperatures (¢) of various Dissociable Substances 
corresponding to definite Vapour-pressures. 


Prosstes Nitrogen Ammonium Ammonium Mak ie Soap, 1- pyethtiaet yl- 
a paniiinn peroxide.| chloride. | carbamate. os OH se OH 
N,0,. | NH,Cl. | CO.N,H,. | CCl,.CH { ocH,. CO1,.CH {oe “H, 
10 | Ree C02 Ec ee 
50 es 524°7 289°9 331-2 334-0 
100 2560 | 642:8 299°4 343-3 3461 
150 263°] 5546 305°1 3850°8 353-7 
200 2681 | 5633 309°8 35671 358°1 
300 2759 | 5773 316°1 364-2 367°4 
400 281-4 587-9 321:0 | 370°3 3738 
500 285°9 596-0 a We eens 378:°7 
600 azo te. O08) 


ee 
dp. d 
Products of + into Absolute Temperatures (2 An t) 


for various Dissociable Substances at definite Pressures. 


| Nitrogen Pte ee ate mk Chloral methyl- | Chloral ethyl- 


Pressure e : alcoholate. alcoholate 

in millim, | Petoxide.| chloride. | carbamate. OH : 

N,O, | NHCL | CO,NH,. | CCl,.CH coi,.cH { 6 

aie oid hit { OCH,. eH Og Ee 
103} 268 mee Bate ne 
50 ae 1002 1087 984 983 
100 1331 1970 2102 1866 1893 
150 2131 2762 38091 2898 2798 
200 3030 3526 39388 3635 3642 
300 4304 . 4844 5870 5219 5173 
400 5787 6314 7587 7147 6751 
500 69389 7897 Tee Se oe ae 8460 
600 ion 9467 | 


— eel a at 
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Reduced Values of (2. 
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t) that for Water being made = 


1-000 at each pressure, and the values for other substances 
at the same pressure reduced in the same pause 


Pressure 


Nitrogen 
peroxide. 
in willim. ‘N.O 


chloride. 
2a 


ae 1-193 
0-828 1-226 | 
0921 1-193 

1:004 1-169 { 
0-987 L110 
1018 1116 | 
1-004 1-143 

he 1-164 | 


Ammonium'Ammonium 
| carbamate. 


NH,Cl. | CO,N,H,. | OCl, OH { OGu,. CO, OH { 


Chloral methyl- | 


alcoholate. 


teens 


Chloral ethyl- 
alcoholate, 

OH 

OO,H, 


Reduced Values of (@ ; t); that for Carbon-bisulphide being 


made =1:000 at each pressure, and the values for other 
substances reduced in the same ratio. 


: ! : : Chloral methyl- | Chloral ethyl- 
Nitrogen Ainmonium Nemonieat y M 
neat ik Sarees. i chloride. | carbamate. ee alcoholate. 
*|'N,0, | NH,OL | O,NH,. | CCl,. OH { OGu,. COl, on { 0a: ,. 
(hy eee aa ine Wp pe Cerne 
50 aes 1-483 1609 | 1-456 1:°456 
100 1-043 1-540 1643 | 1°458 1-480 
150 1-159 | 1-502 1-681 1576 1522 
200 1277 | 1486 1-659 1°5382 1:535 
300 1-255 1°412 1-711 1521 1:508 
400 1:238 | 1°423 | 1:699 1611 1:522 
500 | 1-281 ; 1-458 i ee: | 1562 
600 | 1488. | 


A relation may be observed between the two substances 
bromobenzene and chlorobenzene, and also between ethyl 
chloride, éthy! bromide, and ethyl iodide. ‘The ratio of the 
absolute temperatures of the bodies in either group corre- 
sponding to any given vapour-pressure is a constant. Thus 
the ratio of the absolute temperature of bromobenzene to that 
of chlorobenzene when the vapour-pressure of both is 100 
364°3 
343°5 
700 millim. the ratio remains absolutely constant at 1:059. 
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> or 1:061; and at the other pressures up to 


millim. = 
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The ratio of the absolute temperatures of ethyl bromide and 
ethyl chloride has been determined for pressures between 150 
and 5000 millim., and the numbers found vary only between 
1:089 and 1:091. ‘The data for ethyl iodide are much less 
complete; the comparison with ethyl chloride can only be 
made at pressures between 150 and 500 millim., and with 
ethyl bromide between 50 and 500 millim. Tn the first case 
the ratio of the absolute temperatures varies between 1:206 
and 1-209, and in the second case between 1:105 and 17108. 


